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1. Introduction

In a previous paper [1] we have considered a kind of Landau
system with two charged particles in a plane. The charges have
the same absolute value and opposite sign and the same mass.
These particles are subject to a constant perpendicular magnetic
field. The same situation, under a different point of view has been
discussed in some recent papers [2,3].

This model has considerable interest in Physics. For instance,
it can be interpreted as a positronium system, or as a Frenkel or
Mott-Wannier exciton [4]. Other applications have been studied in
[5,6]. The model is also closely related to the system of a particle
under two fixed gravity centers, a classical subject [7].

We have shown in [1] that this system may be studied from
the point of view of either classical or quantum mechanics. The
transition from the former to the latter is achieved through canon-
ical quantization [8]. This system has four independent commuting
constants of motion, or symmetries. Classically, the commutation is
defined in terms of Poisson brackets. This system is integrable al-
though not superintegrable.

In the classical analysis presented in [1], we have used two of
these constants, written in compact form as the components of the
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two dimensional vector u, in order to reduce by two the number
of degrees of freedom, so that we have an effective two dimen-
sional system.

The resulting Hamiltonian is a sum of a kinetic term plus an ef-
fective potential, which is given by the sum of a Coulomb potential
plus a shifted harmonic oscillator. Along with this effective Hamil-
tonian, we have an additional constant of motion, denoted by T.
This fact allows to separate the system in elliptic coordinates.

In the present Letter, we focus our interest on the quantum
version of this model. Within this quantum context, the separa-
tion in elliptic coordinates of the effective system leads to a pair
of equations. One is a fourth degree periodic Hill equation, while
the second one is a similar modified Hill equation with hyperbolic
functions [9,10]. Up to our knowledge, analytic solutions for these
equations are not known.

Along this presentation, we shall discuss the possibility of ob-
taining approximate solutions of these equations by means of a
procedure based on perturbation theory. In our calculations, we
shall use w :=|p| as natural perturbative parameter. This u, to be
defined in the next section (right after (6)), is a constant of mo-
tion and gives the position of the center of the displaced harmonic
oscillator.

The zero order of perturbation will approximately describe the
system either for 4t << 1 or for & >> 1. In the first case, the
Coulomb term will be dominant with respect to the oscillatory
term, now used as a perturbation. The situation is reversed in the
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second case, where the oscillatory term is dominant and the per-
turbation is given by the Coulomb part.

We shall see that in the zero order approximation valid for
i << 1, or Coulomb approximation, both trigonometric and hy-
perbolic Hill equations become a pair of equations of the type
discussed by Razavy in [11,12], which are solvable. These equa-
tions were known by some authors as the hyperbolic Wittaker-Hill
equations. Nevertheless, since we are using as the reference the
work by Razavy and following the use of some recent authors,
we prefer to use the terminology Razavy type equations or simply,
Razavy equations. Their solutions coincide with the bound solu-
tions of the Coulomb problem and take significant values close to
the origin of the potential. This means that the relative position
between both particles keeps very small.

When © >> 1, we can again approximate both Hill equations
by Razavy type equations. Their solutions describe the solutions
for the harmonic oscillator in elliptic coordinates. These solutions
are the bound states of the harmonic oscillator and correspond to
much larger values of .

Using these zero order approximations as the unperturbed sys-
tems, we propose perturbations of first order. In this approach, we
assume that the representation in terms of elliptic coordinates is
valid for any order of perturbation.

This Letter is organized as follows: In Section 2, in order to
orient the reader and for the sake of completeness, we summa-
rize the results obtained in [1] with some additional information.
We give in Section 3 the exact resolution of the zero order Razavy
equations, where we pay an special attention to the correct choice
of the boundary conditions and its consequences. In Section 4, we
discuss the first order perturbative approach to solutions. Explicit
expressions are left to Supplementary Material. We close our dis-
cussion with some Concluding Remarks.

2. Presentation of the problem

In this section, we briefly review the treatment given in [1]. Let
us begin with the classical description of the model. The Hamil-
tonian describing two charged particles, with charges e and —e,
of equal mass m, interacting among themselves by the Coulomb
potential and subject to an external constant magnetic field per-
pendicular to the plane in which the particles move is given by
(c=1):

_ o D)2 4 (p® @2 e’
H=—[(p" —eAX'")"+ @7 +eAX) ] — ———5-

2m [x( —x@)
(1)
Here by x®, p®, k=1,2, we denote positions and linear mo-
menta of both particles. The vector potential A(x) is taken in the
symmetric gauge,

Ai(x) = hejjxj, AX) = (hx2, —hxq1), (2)

where ¢;; is the totally antisymmetric tensor in two dimensions.
We are using the convention of summation over repeated indices.
The magnetic field is parallel to the z axis with intensity B = —2h.
For each particle k (k =1, 2), we define a kinematic momentum
7 ® with components,

R plm - eAlO) = p.( —eg; x(l)h

(2) 2) ) (2) (2)
w7 =p; +6Ai =p; +e€inj h. (3)

Next, define the components, I1; of the total momentum and the
center of mass (c.0.m.) coordinates Q;, i =1, 2, by
I; == n,(l) + Zehe,-jxgl) + JT 2eh8,]x(2)

1 2

Qi <x< "+ x?) (4)

and the relative momentum and coordinates as

1

i = 3 (ni(” 711.(2)), qi :== xl(l) — xgz), i=1,2. (5)
Due to the fact that the total charge of the system vanishes, the
functions {q,,Q, IT} constitute a canonical coordinate set. We
could have equally discussed the case of two particles with dif-
ferent mass my, my; then, a similar canonical set would have been
obtained.

In terms of these new coordinates, the initial Hamiltonian (1)

has the following form:

1 _, eh 1 e?h? , €2

He= TP = oylig %+ — gt = =
m m m q
1 e o, e

=—n’ +—(q+ ) — (6)

m q
with q :=q|, pj = —¢;jI1;/eh and w :=|p|. As the coordinates Q
are cyclic, the components of the “total momentum” IT are con-
stants of motion given in terms of @. From (6), we conclude that
the effective system consists of a particle, with a reduced mass
m/2 and charge e, in the plane under the influence of a Coulomb
potential set at the origin with charge —e, plus a shifted harmonic
oscillator potential with angular frequency w = 2eh/m = e|B|/m,
which is the cyclotron frequency, being |B| = 2h the magnetic field
intensity.

As is clear from (4), the constant of motion IT is the sum of
the generators of magnetic translations for each particle, just as
they are defined for the Landau system of a single particle in a
constant magnetic field. In the Landau system, the values of II give
the center of the circular trajectories; in this case, the values of IT
determine the relative position of the two centers of the Coulomb
and oscillator effective potentials.

As the first term, ﬁﬂz = %. in (6) is a constant, it will be
hereafter dropped to simplify the expressions. Nevertheless, it will
be recovered later in order to interpret the approximation y >> 1.

As shown in [1], this system has two independent constants of
motion:

2
H=H+U(CI); T:=mgij(@mj+ 2(q). (7)
Here, H is the effective Hamiltonian given in (6), without the
above mentioned constant term. The second constant of motion T
includes a “kinetic term” given by':

1
Tigij (@7 = L* + (173 — pomy)L = S@L LD,

L:=q1m — q271, (8)

where L and L’ are the angular momenta with respect to the ori-
gin and to the point —u, respectively. By the way, this term has
been already obtained by Erikson-Hill in [14] for the two center
problem. The kinetic tensor can also be expressed as

1
8ij =474} + E(M?qj +aiu), (9)
where, qf = €ixqy, 4] = ikptk. The “potential term” @ is given by
2me? q- u
*@="="5 <q P—@-mwh. (10)

Note that T is a constant of motion in the sense that {H, T} =0
where {-, -} stands for Poisson bracket. Then with the help of T,
we can separate the system using the confocal elliptic coordinates

T Note that in the quantum case one has to use a symmetrized expression.
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(ce, B), where the foci are set at the origin and at —u. These are
defined by [1]:

—pucosp=q—Iq+pul. (11)

For instance, in the particular case u = (i, 0), we have the follow-
ing expression of the Cartesian coordinates in terms of the elliptic
coordinates:

noou
X+ — = — cosha cos 8,
+ 2 2 p

pcosha =q+|q+ pul,

y:%sinhasinﬁ. (12)

According to (12), taking either the ranges o € [0,+00), B €
[—m,m) or @ € (—o0, +00), B €[0,7), we cover the whole real
plane.

Once we have introduced the model classically, we can proceed
with its quantum version. In this context, we replace the functions
H and T in (8) by the operators:

1
H:=—-—80; +U(qQ);
m
9
g’

respectively (i = 1) following the canonical quantization proce-
dure [8]. In order to avoid unnecessary notational complications,
we have use H and T for both classical functions and quantum op-
erators. Then, the eigenfunction equations for these operators read,
respectively:

T :=—0; gij(qad; + D(q),

(13)

i

(H—E)Y(x)=0, (%T—H) v(x)=0, (14)
where the parameters E and J give the corresponding eigenvalues
of the Hamiltonian H and the symmetry operator T. These equa-
tions can be separated in terms of the elliptic coordinates (¢, 8)
with the usual Ansatz that the solution W(w, 8) be factorizable in
terms of these coordinates [1]: ¥ («, B) = ¥ ()¢ (B). Thus, equa-
tions (15) that were coupled in Cartesian coordinates, give rise to a
system of two ordinary second order differential equations in sep-
arated variables, for which their explicit form is given by

2
d;fx(za) :m[Asinh“oe — Bcosha — Csinhza—i-H]l//(Ol),
(15)
d*¢(B) _ -4 (2
~ 45 _m[Asm B+ Bcosp + Csin ,3+H]¢(ﬂ), (16)
where
_eh? e _ 2 M _
A‘T<f) . B=&T. C=E. (17)

First of all, note that although equations (15) and (16) are sep-
arated in the variables o and g, they are not separated in the
variables E (through C) and J, which are the constants of motion
that we wish to obtain.

Next, these equations should satisfy some boundary conditions
and, hence, we are facing to a sort of Sturm-Liouville problem.
Since 8 is an angle, the solutions ¢ (8) of (16), which we are look-
ing for, must be periodic with period 27. Equation (15) can be
considered as a Schrodinger equation for the function v (o) on the
whole real line —oo < o < 0o. Thus, the solutions ¥ («) of (15) de-
scribing bound states should satisfy that ¢ (o) — 0, sufficiently fast
as o — £o0. In addition, as the functions between brackets in (15)
and (16) are even, then their respective solutions v (&) and ¢(8)
can be chosen to have a well defined parity. As we may conclude
after the comment following (11), the range given by o € (—o0, 00)
and B € (—m,m) is overcomplete. Thus, in order that the solution
W = ()¢ (B) be a single valued function on R%, we must select
the solutions v (o) and ¢ (8) having the same parity.

Note that equations (15) and (16) are indeed quite similar,
which will help us to obtain solutions for this system. It is clear
that (15) can be obtained from (16) by the replacement o —
i(B + ). Now, assume that we have found a solution v (c) of (15)
with well defined parity, analytic on o and satisfying the proper
boundary conditions. Then, the replacement o — i(8+ ) will give
us a solution of (17) with the same parity and, hence, a single
valued solution ¥ («, B). Consequently, being given an analytic so-
lution of (15) with the proper boundary conditions, this provides
us with a complete solution to the problem.

Finally, we need to analyze the form of equations (15) and (16).
To this end, let us consider the following type of second order dif-
ferential equations:

2 oo
v (Ao +2) A COS(ZnX)) Y (x) =0, (18)

dx?
n=1

where Ag, A1, A2, ... are constants. This is a n-th degree Hill equa-
tion if A; #0 and Ap41 = Apga = --- = 0. The first degree Hill
equation is called the Mathieu equation. The second degree Hill
equation has been named the Whittaker-Hill equation. Up to our
knowledge, no systematic studies of Hill equations of higher de-
gree has been done. In particular (16) is a fourth degree Hill equa-
tion for which the solutions are not known.

In the present paper, we attempt to obtain approximate solu-
tions for E and J. This will be done in the next two sections and
in the Supplementary Material.

3. Two solvable approximations

In this section, we shall discuss two approximations to the
problem under discussion that have exact solution. These approxi-
mations are appropriate for small and high values of the parameter
u as defined in the previous section. Both approximations reduce
the fourth degree Hill equations into the solvable Razavy equa-
tion. The first approximation is valid for © << 1 and is called the
Coulomb limit as gives an energy spectrum of Coulomb type. The
other is valid for 4 >> 1 and is named the harmonic oscillator
limit as its energy spectrum is the corresponding to an off cen-
tered harmonic oscillator.

Observe that the Coulomb limit is just the special case h =0,
which is equivalent to A =0. On the other hand, the harmonic os-
cillator limit, B =0, can be taken e — 0 with h — oo if the product
eh remains constant. In addition, since A= 0(u%), B=0(u) and
C = 0(u?), the large and small g limits correspond to the har-
monic oscillator and the Coulomb limit, respectively.

3.1. The Coulomb approximation 1 << 1

If we consider p small, the term with coefficient A in (15) and
(16) is negligible, due to the form of the coefficients given in (17).
In our zeroth order approximation, A = 0. Then, equations (15) and
(16) take the following form:

d*y ()

oz =" [Bcosha—}-Csinhza—H]l//(a), (19)
2
ddf;f) =—m [B cos B + Csin’ B +3]¢>(ﬁ)- (20)

The Schrodinger equation (19) has bound solutions with right
boundary conditions in o« — Fo00, provided that C < 0. Accord-
ing to (17), this means that the energy is negative, i.e., E < 0. This
equation has exact solutions as it can be transformed into a Razavy
equation, also called the hyperbolic Wittaker-Hill equation, which
has the form [11,13,15,16]

d>y (x)

e e cosh2x — M)?y (x) = Ay (x) . (21)
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Table 1
Values of the constants of motion and the eigenfunctions forn=0,1,2 and p << 1.

Eq = —me* ro1 =1+ pu’m?e*  Jo1 =0
¢o = pme? o1 (@) = exp(— %2 coshar)
4
P gi = e’
o= %92 Y11 () = cosh(e/2) exp(— 4 coshar)
Jn=1 Mmez
Y1 (o) = smh(oz/Z) exp(f%‘ cosha)
4
Ey=-T¢ In =4
o= %"Z Y1(e0) = sinho exp(—— cosha)
1+‘/]+§;1,2m294
Jn=—"—7r—
1- ‘/1+4r2

Y2 (o) = (cosha — )exp(— cosha)

1—\/14 § u2m2e4
In=——7—""
1+,/1+4¢2

) exp(— 2 cosha)

Y23(a) = (cosha —

This transformation goes as follows: first perform that change
of variables o = 2x and, then, some straightforward manipulations
to obtain from (19) the following relation:

y /=amc __2mB_
-y (x)+< 4mcC cosh 2x m) ¥ (x)

mB2
=_ <T +4mC +4m2]> Y(x). (22)

Equation (22) has already the form (21) with the following identi-
fications:

;:J—4mc—uJ—mE (23)
M= W 2 /- T (24)
mB?

The Razavy equation (21) is solvable and its solutions ¥ (x) are
square integrable, provided that M be a positive integer, i.e., M =
n+1,withn=0,1,2,....

Let us denote the energy levels by E9 n= 0,1,2..., where
the superscript (C) stand for Coulomb. Then, if M% = (n + 1)2 we
have

4

©) me
=——. 26
n (n + 1)2 ( )

Needless to say that the similarity of the energy levels in (26)
with the energy levels for the Coulomb problem is obvious. We
recall that our Hamiltonian (6) has a potential term of harmonic
oscillator type and other of Coulomb type. We conclude that when
M << 1, the Coulomb term predominates over the harmonic oscil-
lator. However, not all energy levels (23) may be physically admis-
sible, as we have not taken into account the boundary conditions
yet.

Being fixed E(C"), the value of ¢ is obtained with (23). We de-
note it by ¢,. Then, we replace M =n+ 1 and ¢, in the Razavy
equation (21), so as to obtain the n+ 1 known solutions for 1. We
denote these solutions as Ap 1, ..., Ann+1. Each Ay, determines a
value Jn ; through (25).

In summary, each energy level has a degeneracy of order
n+ 1, which is characterized by the n+ 1 values of J, . We denote
their corresponding solutions as ¥y r(x).

In Table 1, we give the values of E,, &n, dnr and v (o), the
latter in terms of the original variable o = 2x, for n =0, 1, 2. For

()
E¢

higher values of n, these polynomial solutions are of higher degree
and, therefore, they became more and more complicated.

For equation (20), we just need to replace o by i(8 + ). Then,
(20) becomes (19) which is already solved. The eigenfunctions are
of the form ¢, (B8) with the same values of the energy and J, ;.

However, this is not the whole story because solutions of (20)
must fulfill periodic boundary conditions of period 2. In addition,
they should be of the same parity as the solutions of (19). From
Table 1, and after the transformation o — i(8 + ), it is rather
trivial to prove that these conditions are satisfied for even values of
n only. This shows that the correct solutions correspond to energy
levels of the form

©) _ _ me4

@i+
which precisely coincide with the energy levels of the Coulomb po-
tential on the plane. The ground state solution Wo 1 (e, 8) is given
by

Wo1 = Yo1()o1(B) = Ne__(COSha cosh) —

As a matter of fact, one can realize that the system (19)-(20)
gives the two dimensional Coulomb problem in elliptic coordi-
nates, see [17]. We have shown that the exact solutions to this
problem can be obtained from the properties of the Razavy equa-
tion. See Figs. 1 and 2.

j=0,1,2,... (27)

—Ne ™’q (28)

3.2. The harmonic oscillator approximation @ >> 1

The second approximation has also exact solutions and cor-
responds to the case w >> 1, where the term containing B is
dropped out after (17). The consequence is that the system be-
haves now as an out of center harmonic oscillator. For complete-
ness, we write the equations (16) and (16) without the term on B:

d*y ()

o m [A sinh* o — Csinh? o + 3] Y(a), (29)
2
dd";(f) =-m [A sin? g 4 Csin? g +3]¢(ﬂ). (30)

After some straightforward transformations, (29) comes into

RAC))

o + |:<,/ coshQu) — = \/7(A + C))

M Aty
—a( +0)° (Y(a)

A C
:m(z+§+3) v(w). (31)

The resulting equation (31) is again a Razavy equation of solvable
type with parameters given by

¢ = 1/ M=— \/>(A+C)_n+l

+>+ EJ(”O)) (32)

=—(A+C) er(4 5

The superscript (HO) in (32) means harmonic oscillator. We know
that (31) is solvable with square integrable solutions provided that
M=n+1 with n=0,1,2,.... Then, we recover A and C from
(17) and use it in the second equation of the first row in (32) to
conclude that

2 2
E;HO)z%h(n (ehp) 7 (33)

1) —
+1) am
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Fig. 1. Graphics of the ground eigenfunction v (left) and the first excited eigenfunction v (right) in Table 1.

Fig. 2. Form of the potential.

Table 2

Values of the constants of motion and the eigenfunctions, up to normalization, for
n=0,1,2 and p >> 1 (the harmonic oscillator limit). The wavefunctions depend
on the constant & =eu? through ¢.

* _ 2eh _ —64¢+ehu®(—16+ehu?)
Eo="mw Jor = 64m
h 2
=2 Vo1 (@) = exp(— £ cosh2ar)
— 4eh _ —64+64(—2+¢)+ehu? (—32+ehu?)
B ="0 In= Sam
_ ehy? — cosh ¢ cosh
{==3 Y11 () = cosh(e) exp(— 3 cosh2a)
Jio = —64+64(2+¢)+ehp® (—32+ehu?)
12= 64m
Y11 () = sinh(e) exp(— 5 cosh 2a)
__ 6eh _ —2304+epu®(64e>m®+9h(—48+ehu?))
ES = I = 576m
_ ehp? o ¢
(= =45 ¥21(a¢) = sinh 2« exp(— 3 cosh2)

g _ epP(64e3m? +9h(—48+ehu?))—384(3+/9+4etm? u?)
2= 576m

Y (et) = (cosh2q — 1=V 1H46% V1§+4{2 )exp(—5 cosh2a)

g _ ep®(64e3m2 +9h(—48+ehu?))—384(—3+/9+4e*m? u2)
3= 576m

Y3 (o) = (cosh 2o — Liviedes ”{H{Z) exp(—% cosh2w)

which corresponds to the energy levels of a displaced harmonic
oscillator. Note that the shift of energy in (33) coincides with the
dropped term in the Hamiltonian (6). In our comments after equa-
tion (6), we have announced that that term should reappear. The
values for the second constant of motion J? and the wave func-
tions are obtained as usual [11,13,15,16,22]. In Table 2, we list our
results for the three first energy levels.

From the solutions of (29), we obtain the solutions of (30) just
with the replacement o — i(8 + ), as in the Coulomb case. How-
ever, there is an important difference between both situations. We
see in Table 1 that the functions ¥ () for Coulomb and n odd
depend on «/2 which implies that the functions ¢n-(8), for n odd,
do not have periodicity with period 27 and, therefore, we had to
discard these solutions. This is not the case now with the harmonic
oscillator approximation, where all eigenfunctions () depend
on o or 2. Then, the functions ¢,-(8) obtained by this method
are periodic with period 27 even for n odd. In consequence, all

energy values should be considered, even those with n odd. The
ground state is now

Y(a, B) = eXp(—%o(cosh 2a 4 cos28))

h
oc exp(—%(q +1/2)?). (34)

Note that this is the ground state of a harmonic oscillator centered
at —p/2. In fact, we have obtained the solutions for the harmonic
oscillator separated in elliptic coordinates [18,19].

So far, we have proposed two exactly solvable approximations.
What happens if = |g| is neither too small nor too big? Then,
we propose a perturbative treatment taking the previous approx-
imations as the unperturbed solution. As the perturbed potential,
we use the dropped term for each case. This will be the objective
of the next section. Results are given in the Supplementary Mate-
rial.

4. A perturbative approximation to the complete solution

In the sequel, we are dealing with the quantum case only.
Therefore, expressions like H, Hyg, Hq, T, etc., will henceforth rep-
resent operators. We follow this convention in order to use a no-
tation as simple as possible.

In this section, we are looking for approximate solutions for
equations (15) and (16). Let us begin with the unperturbed equa-
tions:

1

(Ho — Eg)¥o(x) =0, (E To — 30) Yo(x)=0,  (35)
where Hp and T represent unperturbed versions of H and T in
(13). They are assumed to be valid for the approximations © << 1
and u >> 1. Therefore, equations (35) lead to equations (19) and
(20) for w << 1 and (29) and (30) for u >> 1. In the first case,
the term containing A in equations (15) and (16) is omitted, while
the term containing B drops out in the second.

We intend to give a perturbative first order approximation, for
which we just write

H=Hgy+€Hq, T=To+€Ty, (36)
E=Eo+e€kE, Jd=do+¢€d, (37)
U =yg+eW. (38)

Note that Hy and To commute and also does H and T. This
is a crucial point here, as implies that the function ¥ showed in
(38) is a simultaneous eigenfunction of H and T. Thus, replacing
(36)-(37) in (14), we obtain
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(Ho+€eH)(Wo+€eW1)=(Eg+€E1)(Wo +€eWq), (39)
1
E(To+eT1)(‘lfo+6\I/1)=(Ho+631)(\1’o+6%). (40)

Equations (39) and (40) yield the desired result using the standard
procedure in perturbation theory [20,21]:
(Wo|H1Wo) (Wo|T1 Vo)
Ey=—i——+—, h=—m". (41)
(Wo|Wo) (Wol|Wo)

To find Hy and T1, we first write U(q) and ®(q) in (7) in terms
of elliptic coordinates. The explicit forms of U(q) and ®(q) are
taken from [1] and their expression in terms of elliptic coordinates
is the result of a straightforward calculation:

2 eZhZ )
v@Q=—+—@q +q-p)
q m

202 1 2h2 2
_ 2 + T sinh? o —sin? B), (42)
M cosha — cos B 4m

2me? q- e2h?
o@="g TE @ @)

4

_ me*u coshacosp—1  e*h’u
- 2 cosha —cos B 16

For completeness, we here supply the expression of the “kinetic
terms” of both constants of motion:

2 2
1,4 1 (a d ) (44)

= —- + by
m mu? sinh® @ 4 sin? g \ 92~ 9p2

! ( sin® B a2 + sinh? « a2 ) (45)
sinh? o + sin’ B da? %)

sinh? o sin® B.. (43)

TigijTj =

In order to assign an explicit form to the terms in the split
(36)-(37), we go back to equations (7)-(8) to write them as

w2 n?
H="—+U@="—+Uo@+U1@=Ho+U1(@  (46)

and

T =m gij(@mj+ P(q) =75 gij (@ 7; + Po(q) + D1(q)
=To+ P1(q), (47)

where U1(q) =€ Hy; and ®1(q) =€ T;.

We observe from (44) that the kinetic term in H depends on
(™2, so that it may be convenient redefining H by multiplying
(46) by 2. The final result is

~ 2 m?
H ZMZF + 12U(q) ZMZH + p2Uo(q) + p2U1(q)
2~ ’” 71T
=u F+U0(Q)+U1(Q)=H0+U1(Q), (48)

where the form of Hg is obvious. In the Supplementary Material,
we give the explicit first order corrections in both cases.

5. Concluding remarks

Integrability and solvability are quite different concepts. This is
illustrated in the present letter, where we have discussed an ap-
parently very simple model: the Landau problem resulting of the
consideration of two charged particles of opposite sign on a plane
subject to a perpendicular constant magnetic field.

As shown in a previous paper, this system is equivalent to one
in which a particle is subject to a Coulomb potential plus a shifted
harmonic oscillator. In the search for solutions here labelled (15)
and (16), we have used separation of variables in terms of elliptic

coordinates, a procedure which yields to two separated equations.
Although these equations are not solvable, we have analyzed two
solvable approximations depending on the values of a characteris-
tic parameter /L.

For small values of the parameter u, i.e., u << 1, we omit
the highest order term on w in the equations. This term contains
the coefficient A, which depends on w. The resulting situation is
a Coulomb system expressed in elliptic coordinates described by
two equations separated on the coordinates. These equations are
exactly solvable of Razavy type and their solutions give the bound
states for the Coulomb system. We justify the approximation by
noting, making use of the approximate solutions, that the dropped
term, i.e., (Asinh*a) ¥ (), is very small for any real value of «.

For large values of u, w >> 1, the fundamental equations
(15)-(16) can be simplified if we drop the term with the coef-
ficient B. The resulting approximation is now equivalent to dis-
placed harmonic oscillator in elliptic coordinates. After this simpli-
fication, equations (15)-(16) are again solvable Razavy equations.
In Table 2, we give the wave functions corresponding to the low-
est energy levels. These solutions spread out a center of potential
located at —u /2. Again, an use of these solutions show that the
dropped term, in this case (B cosha)y («) is very small for all real
values of «.

Equations (15)-(16) as well as those resulting of the mentioned
approximations can be obtained from each other just be using the
correspondence o — i(8 + 7). Consequently, once we have found
a solution for the equation on ¢/, we have a correspondent solution
for the equation on B. However, not all these solutions are phys-
ical, only those fulfilling the correct boundary conditions for both
variables.

Taking these solvable approximations as a point of departure,
we have studied first order perturbative corrections. These pertur-
bations show a break of the degeneracy of the initial energy levels.
It is noteworthy that both zero order systems (Coulomb and os-
cillator) and the total system including the perturbation terms are
separated with respect to the same elliptic coordinates.

The approximations 4 << 1 and @ >> 1 should be compared
with the behavior of the system on the limits 4 — 0 and © — oo,
respectively. In the limit u — 0, both potentials, Coulomb and
harmonic oscillator remain. Both centers are located at the ori-
gin. In this limit, T ~ L? and elliptic coordinates become polar
coordinates [3]. This is consistent with the rotational geometric
symmetry around the z-axis of the system at this limit. The other
situation comes in the limit u — oco. Here, after a translation of
coordinates, the whole system becomes a harmonic oscillator cen-
tered at the origin, with Hamiltonian

x? e
H=""1""¢q
m m

2

Then, taking p := (u«, 0), the second constant of motion T takes
the form:

so that T appears in terms of Cartesian coordinates viewed as a
limit of elliptic coordinates.

This two particle Landau system can be compared to the clas-
sical problem of a particle in the field produced by two Coulomb
centers [7,22]. This is also separable in elliptic coordinates and it
also has two solvable limits in terms of the distance between both
centers. They are found when the distance between both centers
becomes either zero or infinite. Then, the coordinates on the plane
become polar or parabolic coordinates, respectively.
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1. Explicit expressions for FE and J at first order: Coulomb case

We have to specify the form of the perturbations U;(q) and ®(q). For
the Coulomb approximation y << 1, the natural split of U(q) in (42), main
text, into Up(q) plus the perturbation U;(q) is

2¢? 1 e?h?

Uo(q) = —— ———— Ui(q) =

inh*a —sin®B8). (1
i cosha —cosf3’ (sinh”a = sin” 5). (1)

4dm

Clearly if 1 << 1, Ui(q) is much smaller than Uy(q). The split for ®(q) in
(43), main text, is also rather obvious:

me?p coshacos 3 — 1 e2h?ut
Py(q) = — Py(q) = inh® asin® 3. (2
o() 2 cosha—cosf’ () T f @)
In this case, the perturbation parameter is given by € = u3. If we redefine
€% := e?u, where e is the charge, we have:
"QhQ ~2h2
H, = e4_m (sinh® a — sin? ), T, = 61—6 sinh® asin® 3. (3)

In above equations we have used directly elliptic coordinates. Therefore,
all ingredients in the integrals resulting from (41), main text, have to be
written in terms of these coordinates. The differential dx dy should also be
changed according to the Jacobi theorem as follows:

2
dx dy — 'uz(sinh2 a + sin® B)da dj . (4)

In (41), main text, the expression for ¥, is the given for ¢, , in Tables 1
and 2. For higher values of n, we should use the procedure in the standard
bibliography. See References [11,12,15,16], main text.

Using the above equations and the wave function ¢y, of table 1, it can be
shown that

s T’
(tor|vbor) = —[Ra1,0500) + RooSaol = 57 (5)
4 2¢;
where (o = me?. In turn
L2 SR
(Vo1 | H1|Yo) = T om [R(z,o)(go)s(o,o)(go) — R(070)(C0)S(2,0)(C0)] . (6)

1



Then, using (41) main text, we have

O _ (Yo1|H|ton) _ e2h2¢?
' W§1v§) dmm

[R2,0)(¢0)S(0,0)(¢0) — Ri0,0)(¢0)S2,0)(¢0)] -
(7)

For the second constant of motion, we obtain

"‘QhZ 2
(vor i or) = 64ILL [R20)(¢0)S(1.0) (o) + R1.0)(60)S20)(Co)] - (8)
Therefore,
0 _ eh*¢
0" = =55 [Re0(G)Sw0 () + R (C)Sen ()] - 9)

For n = 1, the solutions are unphysical as it was shown in last section,
and consequently we have to discard them. Thus, consider n = 2 and

2

(Yo |tha1) = —% [R2,0)(¢2)S1,0)(¢2) + Ri1,0)(¢2)S(2,0)(G)] (10)

expression which cannot be reduced. Then

12 B2h2
(Y| Hilo) = ~ T o [R(3.0)((2)S01,0)(¢2) — Ra0)(¢2)S(3.0)(G2)]
15me?h? 1
Yy 11
mes (11)
Then,
gD _ (V21| Hy|121) _ 60me?h? 1
1 (Va1]1ha1) mcs$ [R(Q,O)(C2>S(1,0)(C2) +R(1,0)(C2)S(270)(§22] |
12
The second constant of motion takes the form
g1 _ (V| Thlha1) — €%h® R30)(G2)S(2,0)(C2) + R2,0)(C2)S3,0)(C2) 13)
1 B - .

(a1 |121) 16 R(2,0)(C2)S01.,0)(C2) + R1,0)(C2)S2.0)(C2)



For the wave functions 199 and 193 we have to use the relations in Part
3 at the end of the present Supplementary Material, so as to obtain:

522 _ (Voo Hil22)  €%h* Riagy(a—, (2)S02)(a—, C2) — Roz)(a—, (2)Sp2)(a, ()
(22) —

(Vaolthaa)  2m R (a—, (2)Swo2 (a, () + R(o,z)(a—,(2)5(1(,2)(>0l—aC2)
14
and

3(2,2) _ (V92| T1|1)22) _ &2h? Ria9)(a—, (2)Sa2)(a—, () + R (a—, () Sy (a, ()
! (Va2]1ha2) 16 R(l,z)(a—, §2)S(O,2)(a—7 C2) + R(0,2)(@—7 C2)5(1,2)<a—, (2)
15)
Finally, for 193 the result is identical to the last two equations, after the

replacement of a_ by a:

223 _ (o3| Hilthas)  €h* Riagy(ay, (2)S,2)(ay, C2) — Rz (ay, (2)Swea)(ay, ()

b (a3|1he3) 2m R(1,2)(a+aC2)S(0,2)(a+7C2) +R(0,2)(a+742)5(1(,i)é;l+7Cz)
and

(23) _ (Vas|Th|thas) R Rgy(ay, G2)Saz)(ay, ) + Rag(ay, (2)Se(ay, ¢2)

J =
! (ha3|1has) 16 Rq2y(ay, (2)S0.2)(a+, () + Roz)(ag, C2)5(1,2<)(a>+7 (2)
17
From (12), (14) and (15), we observe that the degeneracy of the first
excited level is broken, since EF’I) # E§2’2) # E£2’3) which gives rise to three
single energy levels. The same becomes true with all other energy levels.

2. Explicit expressions for E and J at first order: the harmonic
oscillator

In the harmonic oscillator approximation, 1 >> 1, the roles of the func-
tions in (1) and (2) are obviously interchanged. Let us use é = eu®. This
gives



Uhla) = = bt —sin? ), Uyl =~ —t (13
= — (sin — sin -
0\d 4 ST QTS ’ 1 w3 cosha —cos 3’
e2h? mé? coshacos 3 — 1

o(a) T b, () 2u3  cosha — cos 8 (19)

Now, the perturbation parameter is € = p=3. Then, H; and T} in (36),
main text, have the following explicit form:

1 Tl:_mé2 coshacos 3 — 1 (20)

H =-28 ————— :
! ¢ cosha —cos 3’ 2 cosha — cos 3

In order to perform the integrals which correspond to the first order of
approximation (41), main text, we write the measure (4) in the following
form:

2

dx dy — 'uz(cosh2 o — cos® ) dadf3 (21)

2

= 'uz(coshoz — cos 3)(cosh a + cos B) da df3 .

Then, some singular denominators cancel out and the integrals should be
quite similar as in the first case. With the help of the integrals V; and W, we
obtain the following results (here the functions 1), , are those corresponding
to the harmonic oscillator approximation):

2

(Yo1|Ym) = 'uz (VaWo + VoWsol | (22)
so that
2
e
(Yo1|H1lvpor) = —MT (VilWo + VoWi] (23)
and
me2 b

(Yo1|®1]bo1) = — (Vo = Vo)W + (Wy — W) V4] (24)
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Using (22-24), we obtain for the first correction of the energy levels:

H |1/)01> o ViWo + Vo
2O _ (01| Hy — _ggz 1o Voll1 25
! (o1[vo1) ValWo + VoIV )

and for the second constant of motion,

3(0) _ (Yo1]®1]01) _ _méz (Vo = Vo)Wy + (W — Wy)Vi (26)
' (Yo1]vor) 2 VoWy + VoW,

For n = 1, we have

2
(uifhnn) = MZ [VaWo + VaWol (27)
Hy[th11) o VsWo + VoV
E(lvl) — <,¢}11‘ 1 — _262 28
' (Y11]v11) VaWo + VoW, (28)
and
H(1,1) _ (V11| ®P1]1h11) _ _mé2 (Vi = Vo)W + (Wy — W1) V3 (29)
! (V11 |11) 2 VaWo + VoW,
For the second solution with n = 1, we obtain
2
(V12]th12) = Mz (Ve = Va)Wo + (Vo — Vo) Wol . (30)
The correction to the energy reads
E§1,2) _ (12| Hi|t12) — o2 (Vs = Vi)W + (Vo — Vo)W (31)

(12|th12) (Vi = Va)Wo + (Vo — Vo) Wy

and for the second constant of motion

g2 _ (12| Th |1 ,2) _ _méz (Vi =2V + Vo)Wy + (Vs — Vi) (Wy — W)
2 (P12]1)12) 2 (Vs = Vi) Wo + (Vo — Vo)W ( . )
32

For n = 2, we obtain

(o1 |thar) = 4p® [Vs(Wo — Wi) + V(W — Wa) + Va(Wy — We)] . (33)



The correction to the energy is

g _ (Vo[ Hiltpa1) 932 (Vs — Va) (W — Wy) + (Va — Vo) (W3 — W)
! (Vo1 |1ha1) Ve(Wy — Wy) + V(W — Wa) + Vo(Wy — Mf?_),)zl;

while for the second constant of motion, we have

(21) _ (V21| P1]10a1)

A= Tom)
_ _mé2 (VES - 2‘/21 + %)(WiS - W5) + (‘/5 - ‘/3)<2W4 - W6 - W2) (35)
2 Ve(Wo — Wy) + Va(Ws — Wa) + Vo(Wy — W) '

There are two other two solutions for n = 2 |, which are (the sign minus
corresponds to the subindex 2 and the sign plus to 3)

(relins) = L2105 Vo1 + ) (2 — 1~ az)

—(2Va =1 —az)(2Wy — Wo(1 4+ az))], (36)

so that

E(Q,:F) _ <77Z)2:F|H1|1/)2:F> _
? <¢2:F|¢2:F>

(23 = VA(L + ap))(2Wa — 1 — ag) + (2V3 — 1 — az)(2Ws — Wi(L + a5)
(2Vs — Vo1 +a5))@Ws — L — az) — (2V5 — L — az)(2Wa — Wa(l + az))

—282

(37)

We also have
2F) _ <¢2¢|®1|¢2¢> _
? <¢2:F|¢2:F>

meé (2Vi+ (1 +ag)(1 = Vo) = 2V5) (2W; — Wi (1 + ag))
2 2V —Va(l+az)(@Wa — 1 —az) — (2Va — 1 — az) (2W, — Wa(l + az))

me? 2Vs = Vi(14+ag)) Wy + (1 4 ag)(1 — W) — 2Ws)
2 2Vi—Vo(l+az))2We—1—az) — (2Va — 1 —ag)(2W, — Wa(1l + az))

(38)
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We may consider higher values of n in order to obtain the corrections for
the first and second constant of motion in terms of the elementary integrals
given in Part 3, next in the present Supplementary Material.

3. Some integrals

We begin with the assumption y << 1 for the unperturbed Hamiltonian.
In this case, as it was said before, the wave functions for 3 come after the
change o — (8 + m) which implies that cosh(i(8 + 7)) = —cos(3 and
sinh(i(8 + 7)) = —isin #. The following four integrals will be used [1]

Rio(¢) = /0 dov e Ceoshaginh¥ o = / dy =S (y? — 1)i-1/2

1

T+ ). (39)

Rioy(as,¢) = / da (cosh o — as)? e ¢ sinh ¥ o
0

_ /1 Ty (5 — as)? (g2 — 112 (40)

= 2 D) [ 4 DG Q) + (2741200 Q)]
CQ

2m Y R I
Sioy () = /0 dBe P sin® 3 = 2\/7'(j + §)OF1<] +1; Z) 7 (41)

2w
Suo(ax,C) = / dB e$ P sin® B(cos B + a)*
0

2J+1

= V(=0 (=¢*) 7 [(1+a2)C(0) + (2026 — 27 — 1)1 (0], (42)

where in the two first integrals we have introduced the transformation cosh o =
y, which implies that (y? —1)"2dy = da. K;(¢) is the modified Bessel func-
tion of the second kind, 7;(¢) is the modified Bessel function of the first kind

and Oﬁl is the regularized confluent hypergeometric function [2] and
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0, = ufuw _ (43)

For the harmonic oscillator solutions, we must take care of the following
integrals

27
W; = / dg e~ C0c0s(26) cos’ 3
0

- gvau coper (T) (R ).

where 1ﬁ1(a; b; z) is the regularized Hypergeometric function and F(J%l) is
the Gamma function. The other integral to be computed reads

0o ) oo —COy 1
V= / dovcosh? qeC0cosh2e — (y + ) (45)
0

O

which cannot be solved for general j, but for specific values, exact results
can be found. In this manuscript these results read

_ KO(CO) 1 —Co
v, — fl) =l e, (16)

Vo = ¢ [Ko(o) + KalGo)] =2 “;g—fé‘)) o
1 1+2 3+ 8C(1+2G)) _q
Vi = 3 {QKo(Co) + ( 2 CO)Kl(C(])} , Vi = \/g( 5325/2 0))6 R |
(48)
Ve = 1_16 {(1 —204&)) Ko(Co) + (2+C0(§g+ 4C0))K1(<0)] ‘ (49)
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