PULLBACK, FORWARDS AND CHAOTIC DYNAMICS IN 1-D
NON-AUTONOMOUS LINEAR-DISSIPATIVE EQUATIONS

T. CARABALLO !, J.A. LANGAZ, AND R. OBAYA?

ABSTRACT. The global attractor of a skew product semiflow for a non-autonomous differential
equation describes the asymptotic behaviour of the model. This attractor is usually character-
ized as the union, for all the parameters in the base space, of the associated pullback cocycle
attractors in the product space. The continuity of the cocycle attractor in the parameter is
usually a difficult question. In this paper we develop in detail a 1D non-autonomous linear
differential equation and show the richness of non-autonomous dynamics by focusing on the
continuity, characterization and chaotic dynamics of the cocycle attractors. In particular, we
analyze the sets of continuity and discontinuity for the parameter of the attractors, and relate
them with the eventually forwards behaviour of the processes. We will also find chaotic be-
haviour on the attractors in the Li-Yorke and Auslander-Yorke senses. Note that they hold for
linear 1D equations, which shows a crucial difference with respect to the presence of chaotic

dynamics in autonomous systems.

1. INTRODUCTION

We are interested in the asymptotic dynamics of initial value problems of the form

= f(t,x), t >s

x(s) = xp € X,

f:RxDCRxX — X is a map belonging to some metric space C, and X a Banach space.
Assume that, for each f € C, zy € X, the solution of (ILT]) is defined for all ¢ > s; that is, for
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each zo € X, there is a unique continuous function [s,00) 3 t — x(t, s, f,x9) € X satisfying
(LI). For each t, f(t,-) is the vector field that drives the solution at time t. Hence, the path
described by the solution in X between s and s + 7 will depend on both the initial time s and
elapsed time 7.

In this framework, two asymptotics give rise to completely different scenarios. We may study
the asymptotics with respect to the elapsed time ¢ — s (uniformly or not in s) or with respect
to s (when s — —oo and ¢ is arbitrary but fixed). These are called, respectively, forwards and
pullback dynamics and are in general unrelated.

During the last twenty years two main approaches have been developed in order to study
attractors for (ILI)): on the one hand the pullback attractor ([12, 29]), an invariant set for the
evolution process which is pullback (but, in general, not forwards) attracting; on the other hand
the global attractor for the associated skew-product flow, an invariant compact set attracting
forwards in time ([45], 29]).

There is a general method to consider the family of non-linearities as a base flow driven
by the time shift applied to the non-linearity f(¢,:) of the original equation. We consider
f € Gy(R, X), the set of bounded uniformly continuous functions from R into X with the

metric p of the uniform convergence. Denote by P, the set of all translates of f,
B(f) ={f(s+-): s eR},
and define the shift operator 6, : Cp(R, X) — Cy(R, X) by
0uf() = f(- +1).

For autonomous and periodic time dependence this construction yields a closed base space
Py. However, for more general almost-periodic terms it is convenient to consider the closure of

Py with respect to p:
P := P,(f) = closure of Fy(f) in Cp(R, X) with respect to p,

known as the hull of the function f in the space (Cy(R, X); p), see [15] [44]. Continuity of 6; on
Py then extends to continuity of 6; on P.

In this paper we consider the 1D linear and dissipative differential equation

¥ =h(bp)x + g(x), pe P,x € R", (1.2)
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with A a real almost-periodic function with null mean value and unbounded primitive and

the hull of h. Nete that (P,0) is a continuous flow in a compact metric space. g : R — R
is a smooth negative function with lim; ., g(z) = —oo. We denote by C(P) the set of real
continuous functions on P and thus Cy(P) will denote the subset of C'(P) with null mean
value. B(P) will represent the subset of Cy(P) with continuous primitive, and by U(P) its
complemetary, i.e., the subset of Cy(P) of functions with unbounded primitive (see Section 3).

The pullback cocycle attractor A(p) (see Definition 2.3)) for (I.2) is described by an interval
la(p), b(p)], for all p € P. The aim of this paper is to study in detail the structure and internal
dynamics on this family of attractors.

An important result in Cheban et al. [I3] proves that, if the function p — A(p) is upper and
lower semicontinuous, then, uniformly, pullback and forwards attraction are equivalent. The
results this paper will confirm that the property of continuity of this set-valued map cannot
be weakened. Indeed, in Section 3 we study, for a particular h € U(P), the set P, C P of
continuity and not continuity Py C P of function p — A(p), showing that our attractor is a
pinched set (see Definition 2.1]), described as A(p) = 0 for all p € P; and A(p) = [—b(p), b(p)]
with b(p) > 0 for all p € Py.

For a residual set in Ps, we prove (see Proposition and Corollary AI0) that the is no
forwards attraction to A(p), i.e., we lose forwards attraction specifically in the continuity points
of the cocycle attractor. In some cases this residual set is all P;. In Section 5 we find that,

generically, this is the situation we find, i.e., if we define

Ry(h) = {h € Co(P) : v(Py(h)) =1}
and

Ry(h) ={h € Co(P) : v(Ps(h)) =1}

we get (see Theorem [£.2) that R (P) is a residual set in Cy(P). Although topologically more
unusual, in section we concentrate in the case when Ry # (), so that, we can deal with

h € U(P), with v(P¢(h)) = 1. Theorem [5.4] proves that we get forwards attraction in Py, i.e.,
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we get forwards attraction in full measure precisely in the set of not continuity of the map
p— Alp).

In Section [@l we find chaos inside the pullback cocycle attractor. We think this is the first
time in the literature where chaos is studied related to this kind of attractors. Indeed, Theorem
shows that, in the previous case with h € U(P) and v(Ps(h)) = 1 the sets [—b(p), b(p)]
are scrambled (see Definition [6.1]), leading to Li-Yorke chaotic dynamics (see [§]). Finally, in
Section we can also find sensitive dependence on the set Ay = Uyep{p} X 0, so that we also

find chaotic dynamics in the Auslander-Yorke sense (see [5]).

2. BASIC NOTIONS

We start with some preliminary concepts and results on topological dynamics and ergodic
theory that can be found in Ellis [17], Nemytskii and Stepanov [37] and Shen and Yi [46].

We introduce two types of almost-periodic functions that will play a relevant role in all
what follows. Let a = (v, ..., ay,) € R™ a vector with rational independent components. The
Kronecker flow of vector « is defined on the m—dimensional torus T™ by the map 6, : RxT" —
™, (t,z1,...,Tm) — (1 + taq, ..., Ty + tay,), which is almost periodic and minimal.

We say that a function f € C'(R,R) is quasi-periodic if there exists a Kronecker flow (T™, 6,,)
and a function h € C(T™) with f(t) = h(aut, ..., a,t) for every ¢t € R. Under this condition
the hull of A is isomorphic to (T™,6,,).

We say that a function h € C(R, R) is limit-periodic if it is the uniform limit of a sequence of
continuous and periodic functions. In this case the hull of A has frequently a amore complicated
structure: in some cases it provides a solenoid. Many relevant examples in the literature
considered in this paper have been developed by quasi-periodic or limit-periodic functions.

Let (P,dp) a compact metric space and 6 = {60, },cr a real continuous flow on P. Given p € P
the set {0;p}icr is called the orbit of p. We say that a subset P, C P is f-invariant if 6,(P;) = P,
for all t € R. A subset P; is minimal if it is compact invariant and it does not contain properly
any other compact invariant set. We say that the continuous flow (P, #) is recurrent or mininal

if P is minimal.

Definition 2.1. (i) A minimal set K C P x X is said an automorphic extension of the base

P if, for some p € P, K NII"Y(p) is singleton.
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(i) A compact invariant set K C P x X is called a pinched set if there ezists a residual set
Py C P such that K N117Y(p) is a singleton for all p € Py and K N1I7Y(p) is not a singleton
for allp ¢ Py. An invariant compact set K C P x X is almost automorphic if it is pinched and

mainimal.

for every Borel subset P C P and every t € R. It is ergodic if, in addition, v(P;) = 1 or
v(Py) = 0 for every invariant subset P;. The set of normalized invariant measures is not void.
We say that (P, dp) is uniquely ergodic if it has a unique normalized invariant measure which
is necessarily ergodic.

We say that the flow (P,dp) is almost-periodic if the family {6,},cr of section maps is
equicontinuous, i.e., for every € > 0 there exists 6 > 0 such that if p;,ps € P and dp(p;,p2) < 0
then dp(6yp1,0ip2) < € for every t € R.

A subset L C R is said to be relatively dense if there exists a number [ > 0 such that every
interval [r,r + (] contains at least a point of L. We say that f € Cp(R,R) is almost periodic if
for every € > 0 there exists a relatively dense subset L.(f) such that sup,cg |f(t+7)— f(t)] < ¢
for every r € L.(f). If f € Cp(R,R) is almost-periodic then the hull P = P(f) of f is a compact
metric space and if {0;},cr denotes the shift operator, then the flow (P, ) is almost-periodic,
minimal and ergodic. In fact P is an abelian topological group and the Haar measure is its
only invariant measure.

We can try to analyse non-autonomous differential equations as the combination of a base
flow {6;},cr on P and, for each p € P, the semiflow R™ x X 3 (¢t,z¢) — @(t,p)ro € X where,
for each xg € X, RT 3¢t +— ¢(t,p)zg € X is the solution of the initial value problem

T =p(t,x), t >0,
z(0) =9 € X.
Then, the family of mappings

(t,p) € RT x p— o(t,p) € C(X),

satisfies

e p(0,p) =1Idx for all p € P,
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e x— ¢(t,p)z € X is continuous, and

o forallt>s, se R, and p € P,

o(t+s,p) = ¢(t, 0sp)p(s, p),

the ‘cocycle property’.
One interprets (t,p)z as the solution at time ¢ that has started in the state x at time zero
subjected to the non-autonomous driving term p € P.

The pair (p,0)x,py will be called a non-autonomous dynamical system on (X, P). Now,
given a non-autonomous dynamical system (¢,6) on (X, P). One can also define an asso-
ciated autonomous dynamical system (see [44, [45]) TI(-) on X = P x X (with the metric
dx((z,p), (z,p)) = d(x,T) + p(p, p)) by setting

1(t)(p, ) = (6ip, p(t, p)x)), t > 0.

The semigroup property of 6, and the cocycle property of ¢ ensure that II(-) satisfies the
semigroup property.
Thus, given a non-autonomous differential equation such as (IL]), we need to deal with four
different dynamical systems:
(a) The driving semigroup {6; : t > 0} on p associated to the dynamics of the time-
dependent nonlinearities appearing in the equation.
(b) the skew-product semiflow {I1(t) : t > 0} defined on the product space P x X,

(c) the associated non-autonomous dynamical system (@, 0)x py with o(t,0,f)xe = x(t +

S, f7 l'()),
(d) and the evolution process S(t, s)xg = u(t — s, 0, f)xo.

Observe that these dynamical systems can possess an associated attractor:

(i) A global attractor A for the skew-product semiflow I1(¢),
(i) a cocycle attractor {A(p)},ep for the cocycle semiflow ¢,

(iii) a pullback attractor {A(t)}+er for the evolution process S(t, s).

We next introduce and compare some concepts of the topological and random theory of

dynamical systems. Given a NDS (¢, 0)x, p), suppose that the associated skew product semiflow
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semigroup {II(¢) : ¢ > 0} possesses a global attractor A on P x X. We know that {II(¢) : t > 0}

has a global attractor if and only if there exists a compact set K C P x X such that
tlim dist(I1(¢)B, K) = 0, (2.2)

for any bounded subset B of P x X, where dist denotes the Hausdorff semidistance between

sets defined as

dist(A, B) = supinf d(a, b).

acA beb

Definition 2.2. (i) A non-autonomous set is a family {D(p)},cp of subsets of X indezed in
p. We say that {D(p)},ep is an open (closed, compact) non-autonomous set if each fiber D(p)
is an open (closed, compact) subset of X.

(1i) A non-autonomous set {D(p)}pep is invariant under the NDS (¢,0)x,p) if

©(t, p)D(p) = D(b:p),

for allt > 0 and each p € P.

It is immediate that a non-autonomous set {D(p)},ecp is invariant for (¢, #)x py if and only

if the corresponding subset D of P x X, given by

D = J{p} x D(p).

peP

is invariant for the semigroup {II(¢) : ¢ > 0}.
Given a subset E of P x X we denote by E(p) = {z € X : (z,p) € E} the p—section of E;

hence
E = J{p} x E(p) (2.3)
pEp

Given a non-autonomous set { E(p)},ep we denote by E the set defined by (2.3).

Note that

| E(p) = IxE.
pEP
We can now relate the concept of cocycle attractors (p, 8)x,py with the global attractor for

the associated skew product semiflow {II(¢) :¢ > 0}.
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Definition 2.3. Suppose P is compact and invariant and that {0, : t > 0} is a group over P
and 071 = 04, for allt > 0. A compact non-autonomous set {A(p)}pep is called a cocycle
attractor of (¢,0)x,p) if
(i) {A(p)}pep is invariant under the NDS (¢,0)x,p); i.e., p(t,p)A(p) = A(bwp), for all
t > 0.
(i) {A(p)}pep pullback attracts all bounded subsets B C X, i.e.

lim dist(p(t,0_p) B, A(p)) = 0.

t——+o00

The following result can be found, for instance, in Propositions 3.30 and 3.31 in Kloeden and

Rasmussen [29], or Theorem 3.4 in Caraballo et al. [11].

Theorem 2.4. Let (p,0)x,p) be a non-autonomous dynamical system, where P is compact,
and let {II(t) : t = 0} be the associated skew product semiflow on P x X with a global attractor
A. Then {A(p)}pez with A(p) = {x € X : (x,p) € A} is the cocycle attractor of (¢,0)x,p)-

The following result offers a converse (see Proposition 3.32 in [29], or Theorem 3.4 in [I1])

Theorem 2.5. Suppose that { A(p)}pep is the cocycle attractor of (,8)x,py, {1L(t) : t > 0} is

the associated skew product semiflow. Assume that {A(p)}pep is uniformly attracting, i.e.,

lim sup dlSt((p(t e—tp)Da A(p)) = 07

t——+o0 pEP
and that J,cp A(p) is precompact in X. Then the set A associated with {A(p)}ep, given by

A= J{p} x Alp).

peP

is the global attractor of the semigroup {I1(t) : t > 0}.

3. NON-UNIFORM PULLBACK COCYCLE ATTRACTORS

Let (P, v,R) a minimal flow on a compact metric space P. For X a Banach space we consider a
skew-product semiflow {II(¢)};cg+ on P x X. Suppose II(¢) admits a global attractor A described
by

A= J{p} x AQp).

peP
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In Cheban et al. [I3] it is proved that the continuity of the set-function p — A(p) implies
the uniform pullback and forwards attraction to the cocycle attractor.

The aim of the following sections is to develop some non-trivial models in which the above
function is not continuous in all P, and, by a careful study of its sets of continuity, to give a

detailed description on the dynamics and the structure and of the attractors.

3.1. Attractors for order preserving non-autonomous systems. In what follows we su-
posse X is a partially ordered Banach space, i.e. there exists a closed convex positive cone
XT C X, vectorial subspace of X such that X* N (—X") = {0}.

This define a partial order relation on X in the way x <y if y —x € XT; we write z < y if
x <y and x # y. If in addition int(X™) # () we say that X is strongly ordered.

We introduce the concepts of sub, super and equilibrium given by Arnold and Chueshov [3]

in the stochastic (see also Chueshov [16]) and by Novo et al. [36] in the topological setting.

Definition 3.1. A Borel map a : P — X such that ¢(t,p)a(p) is defined for any t > 0 is
a) an equilibrium if a(6;p) = p(t,p)a(p), for any p € P and t > 0,
b) a super-equilibrium if a(6yp) > o(t,p)a(p), for any p € P and t > 0,
¢) a sub-equilibrium if a(6,p) < p(t,p)a(p), for any p € P and t > 0.

Definition 3.2. A super-equilibrium (resp. sub-equilibrium) a : P — X is semi-continuous is
the following holds

i Iy, = closurex{a(p) : p € P} is a compact subset in X
i) C, ={(p,z): z<alp)} (resp. Co ={(p,x): x > a(p)}) is a closed subset of P x X.

Definition 3.3. Let (¢,0)x,p) be a non-autonomous dynamical system. We say that ¢ is

order-preserving if there exists an order relation ‘<’ in X such that, if ug < vo, then o(t, p)ug <

o(t, p)vg, for all p € P.

An equilibrium is semicontinuous in any os these cases. We name a semi-equilibrium to a
sub-equilibrium or a super-equilibrium.

The following result, that will be relevant in the topological version of the semi-equilibria,
was proved in Proposition 3.4 of Novo et al. [36], following classical arguments from Aubin and

Frankowska [4].
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Proposition 3.4. Let assume that a : P — X is a semi-continuous semi-equilibrium. Then it

has a residual invariant set P, of continuity points.

We assume that ¢ admits a cocycle attractor. The following result gives sufficient conditions
for the existence of upper and lower asymptotically stable semi-equilibria, giving some useful
information on the structure of this invariant set. The proof was given by Arnold and Chueshov

[3] in the random context and generalized to the topological formulation in Novo et al. [36].

Theorem 3.5. Let ¢ be an order-preserving process and A(p) its associated (pullback) cocycle
attractor. Suppose there exist Borel a, 3 : P — X such that the cocycle attractor is in the

“interval” [a(p), B(p)], i.e.

A(p) C I(p) = [e(p), B(p)] = {z € X : a(p) <z < B(p)}

Then, there exist two equilibria a,b: P — X with a(p),b(p) € A(p) such that
i)
a(p) < a(p) < b(p) < Blp), and A(p) C I}(p), for all p € P.

ii) a is minimal (b is mazximal) in the sense that it does not exist any complete trajectory
in the interval I°(I)).
iii) a(p) is pullback asymptotically stable from below, that is, for all v(-) with a(p) < v(p) <

a(p), for all p € P, we have that

lim d(¢(p, 0-ip)v(0-1p), alp)) = 0.

t—+00

b(p) is pullback asymptotically stable from above, that is, for all v(-) with S(p) >
>

v(p) > b(p), for all p € P, we have that

lim d(¢(p, 0—p)v(0-:p), b(p)) = 0.

t—-4o00
iv) If A = Upep{p} x A(p) is compact and the maps o, 3 are continuous, then the functions
p — a(p), p — b(p) are upper semicontinuous and admits a residual set P. C P of
continuity.

v) Assume condition in iv), and take py € P.. Then the sets

Ka = {(etpm a(etp0)> le R}
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and

Ky = {(0tpo, b(0:po), t € R}

define minimal semiflows in P x X, with K,, K, C A. Moreover
card(K, NI (p)) = card(K, NI~ (p)) =1,
for allp € P, i.e., K., Ky are almost automorphic extensions of (P, 0).

Proof. Ttems i),ii) and iii) can be found in Arnold and Chueshov [3]

Items iv) and v) are proved in Theorem 3.6 at Novo et al. [36]. We repeat the argument
here, for completeness. Note that I', = closurex{a(p) : p € P}, I', = closurex{b(p) : p € P}
C II,A are compact sets in X.

From ar(p) = (T, 0_rp)a(p), br(p) = ¢(T,0_rp)B(p), we deduce that these functions are
continuous semi-equilibria. If T} < Ty then ap, < ap, by, < b, and a(p) = limyp_ o ar(p),

b(p) = limy_, br(p) for every p € P, showing that these functions are equilibria. Thus,

{p2): 2 <ap)} = J{p2): 2 <ar(p)}

T>0

{p2): 2 >bp)} = [ J{p2): 2> br(p)}

T>0
are closed. In consequence, the equilibria a,b are semi-continuous, so that, by Proposition [B.4]
they admit a residual invariant set P. C P of continuity points.

For v), let py € P and p, — po. It is clear that there exists ap € X such that (p,,a(p,)) —
(po, ap) € A and so ag > a(p). Similarly we get it for b(p). Thus, from Aubin and Frankowska
[4], we conclude the existence of a residual set P. C P of continuity points of a and b.

For v), suppose py € P and p; € P.. Let t, such that 6, po — p;. Then, by continuity, we
also have that a(6;, po) — a(p:) and b(6;,py) — b(p1). Thus, K, NI~ (p;) = {(p1,a(p1))} and
K, NI (p1) = {(p1,b(p1))}. This implies that K,, K, are minimal semiflows and sections (in

p) are singleton if p € P,, so that they are almost automorphic extension of (P, 6). O

Remark 3.6. We want to study the continuity of the cocycle attractor A(p). Note that, in this

framework, the continuity of A(p) requires continuity of functions a(-), b(+).
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3.2. Oscillatory functions on an almost periodic base. In the following we consider (P, 6)
minimal and almost periodic. Then, P is ergodic with a unique invariant measure v given by
Haar measure . Let
Co(P) = {h € C(P) /hdu ).
From now on, and for a more clear writing, we will write pt = 6;p, for any p € P.

The following result is classical and can be found in Gottschalk and Hedlund [20]

Proposition 3.7. Let h € Cy(P). The following items are equivalent
i) There ezists k € C(P) satisfying
t
ko) — kp) = | hips)ds 3.1)
0

for allp € Pt e R.
ii) For all p € P it holds

t
sup{|/ h(ps)ds|, t € R} < 0.
0
iii) There exists pg € P such that

t
sup{|/ h(pos)ds|, t € R} < 0.
0

iv) There exists py € P such that
t
sup{|/ h(pos)ds|} < oc.
t>0 0

We denote by B(P) = {h € Cy(P) satisfying ([BI))}, i.e., the set of functions in Cy(P) with
bounded primitive. It is known that if P is almost-periodic but no periodic it holds that
Co(P) \ B(P) # . Moreover, it is easy to see that

i) B(P) is dense in Cy(P).
ii) U(P) = Cy(P) \ B(P) is residual in Cy(P).

The following theorem comes from Johnson [24] (see also Jorba et al. [28]):

Theorem 3.8. Let h € U(P). Then there exists a residual invariant set P, C P such that for

all py € P, there exist sequences {t' }nen, i=1,...,4 with

nh_}n(r)lotn—oo, 1=1,2, T}l_}rilotn——oo, 1= 3,4,
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and .
tl

n

lim h(pos)ds = o0, 1=1,3,

n—oo 0
th
lim h(pos)ds = —oo, i =2,4.

n—oo 0

3.3. A 1-D linear model for h € U(P). Consider the linear equation

y'(t) = h(pt)y(t), peP t,y€eR. (3.2)

with h € U(P). For each p € P and yy € R we denote by y(t) the solution through p with
initial value yo, i.e, y(0,p;yo) = yo. It is easy to check that Equation (3.2]) has no exponential
dichotomy in Cy(P) (see, for instance, Sacker and Sell [42]). Thus, there exists a nontrivial

bounded solution (Selgrade [43]), i.e., there exists py € P\ P., yo € R with

t
/ h(pos)ds
y(t, po; Yo) = Yoe/0 bounded, (3.3)

so that for ¢; € R .
/ h(pos)ds < ¢y, for all t € R.
0

For py satisfying (8.3), we define

PxX
My = {(pot, £y(t, po; v0)), t € R}

It is clear that M is an invariant compact set in P x X.

Lemma 3.9. [t holds that
a) If (p,x) € My then (p, —x) € M,.
b) (po,x1) € M.
c) {p} x {0} € My for all p € P.
d) MyNII7Y(p) = {p} x {0} for all p € P,, where P, comes from Theorem [T3.

Proof. We only need to prove d). If d) is not true, let p; € P, and y; € Rt \ {0} with
(p1,41) € My. Then {(pit,y(t,p1;y1), t € R} C My, as it is a compact invariant set, but

y(t,pr1;y1) = ylefé5 hP1s)ds ig unbounded in ¢, which is a contradiction. O

Remark 3.10. Note that, if py € P,, then b(po) = 0 implies b(pot) = 0 for all t > 0. Moreover,
we also have that if b(p) = 0 then p € P,, i.e., it is a continuity point of function b(-).
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The above lemma is showing that the set M, is pinched, since is the singleton p x {0}
for p € Py and strictly bigger (containing (pg, £1)) outside Fy. In what follows we will take

advantage of this fact.
3.4. A 1-D nonlinear equation for h € U(P). Let
ro = 2sup{x € R : such that (p,z) € My}. (3.4)

In the following model we will find a pullback attractor which is a pinched set by containing

My. We define the family of linear-dissipative differential equations given by
' = h(pt)z + g(z), (3.5)

where g : R — R is a continuous function with g(z) = 0 if z € [—rg, 7], —zg(z) < 0 for all

x € R, lim, . g(z) = —o0 and lim,_,_, g(x) = co. For simplicity we take in what follows
—(z —10)? x>
gx) =4 0 —ro < <7 (3.6)
(4 1o)? x < —rg

An alternative study of the structure of the set of bounded solutions for a convex or concave
scalar ODE was given in Alonso and Obaya [I]. For each p € P and zy € R we denote by y(t)
the solution through p with initial value xq, i.e, (0, p;zo) = xo. Note that if r >> r¢ it holds
that h(p)r + g(r) < 0 and —h(p)r + g(—r) > 0, i.e., the functions 3(p) = r and a(p) = —r are

continuous super and sub-equilibria respectively, i.e, if (¢, p; xy) is solution of (B.5)
x(t,p;r) <r, forallt >0,p € P,

x(t,p;r) > —r, forallt >0,p € P.
We define, for T' > 0,
br(p) = =(T,p(=T);r)
and
ar(p) = (T, p(=T); —r).

Then by, ar are respectively super and sub-equilibria satisfying

0<bpr(p) <bp<r,
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—r < ar, (p) < ar, < 07

forallpe P, 0 < T, <Tj.

From now on we fix r, by and ar. Define

b(p) = lim br(p); a(p) = lim az(p). (3.7)

T—o0o T—oo
Proposition 3.11. The following items hold:

a) a,b: P — [—r,r| are equilibria for (3.5), i.e., for allp € P and t € R

z(t, p;a(p)) = a(pt), x(t,p;b(p)) = b(pt).

b) a(p) = —b(p), for allp € P.

)
¢) Mo C U,epipr} x [a(p), b(p)]. In particular, a(py) < 0,b(po) > 0.
d) There exists a residual set Ps such that, for all p € Ps it holds a(p) = 0 = b(p).
)

e) For all p € P, sup,cg b(pt) > 1.

Proof. a) is a consequence of Theorem Note that ar(p) = —br(p) for all T > 0,p € P,
which implies b).
For c), define

bo(p) =sup{z € X : (p,x) € Mo}; ao(p) =inf{z € X : (p,z) € Mo}.
It is clear that by(p) = —ag(p). Since z(T, p(=T"),bo(p(=T")) = bo(p), we have that

b(p) = lim br((p) = lim (T, p(=T),r) = bo(p),

T—o00

and, similarly,

a(p) = lim ar((p) = lim z(T,p(=T),r) = ao(p)-

T—o0

In particular, b(py) > 0 and a(py) < 0.

For d), it follows from Theorem 3.4 that a, b possess a subset P of points of continuity. We will
prove that a(p) = b(p) = 0 for all p € P;. Indeed, if there exists p; € Ps with b(p;) = 26 > 0 for
some 0 > 0 there exists 7 > 0 such that, for all p € P with d(p,p;) < 7 we have b(p) > 4. From
the minimality of (P,#) there exists 7' > 0 such that if p € P we can find 0 < ¢ < ¢(p) < T
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with pt € B(py, 7). Moreover, b(p) = z(—t, pt; b(pt)).
Thus, the application

x: [=T,0] x B(py,7) x [0,r] — R*

(t,p; o) — x(t, p;x0) >0
is continuous and strictly positive on a compact set, so that there exists §; > 0 with (¢, p; xo) >
6y for all (¢, p; xo) € [=T,0] x B(py,7) x [§,7]. In particular, as for all p € P there exists t € [0, T
with b(p) = x(—t, pt; b(pt)), d(pt,p1) < 7, then b(p) > 6, > 0, for all p € P. Moreover,

b'(tp) = h(tp)b(pt) + g(b(pt)) < h(tp)b(pt),
Thus, an standard argument of comparison provides
y(t,p;b(p)) = b(pt) > 0 for all p € Pt > 0.
But, if pg € Py (Fy from Theorem [B.5]) there exists a sequence {t, }nen with ¢, — oo and
Tim y(ta, po; b(po)) = Tim b(po)ehs” M0t — o,

which implies lim,, .., b(pot,) = 0, a contradiction. As a consequence, b(p) = 0 for all p € P;.
For the proof of e) we again argue by contradiction. Suppose p € P with sup,.g b(pt) < 6 < 7.
This means that the function ¢ — Z2b(pt) is a bounded solution of the linear equation (3.2).

The same argument in c¢) leads to e) O

We can now prove the main result for the attractor associated to (3.5).

Theorem 3.12. In the above conditions,

a) {A(p) = [a(p),b(p)]}pep is the pullback cocycle attractor for (3.35).
b) The maps
P—R
p — b(p)
p — —blp) = a(p)
are continuous in the residual set Ps = {p € P : b(p) = 0} and discontinuous in P\ P;.
c) A = Uyep{p} x [a(p),b(p)] is the global attractor for [B.H) with respect to the associated

skew-product semiflow I1.

Proof. a) and b) follows directly from Proposition BT}, and ¢) from Theorem O
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4. RECURRENT AND ASYMPTOTIC POINTS. FORWARDS VERSUS PULLBACK ATTRACTION

Let consider h € U(P) and the function H(t,p) = /th(ps)ds, p € Pt € R. We next
introduce different possible properties of H with importaont dynamical consequences on the
corresponding cocycle attractors. Precise examples of all these situations appear in the work
of Poincaré (see [39]) and the references therein; such examples have been constructed in the

quasi-periodic and limit-periodic cases.

Definition 4.1. a) A point p € P is said (Poincaré) recurrent at oo for h if there exists

tn
a sequence t,, — oo with / h(ps)ds — 0. Anagously, a point p € P is said (Poincaré)
0
tn
recurrent at —oo for h if there exists a sequence t, — —oo with / h(ps)ds — 0.
0
t
b) A point p € P is said asymptotic for h z'f/ h(ps)ds — —o0 as t — oo.
0

Note that if h € B(P) all p € P is recurrent. We will denote by P the set of recurrent
points at oo, by P the set of recurrent points at —oo, and by P, = PF N P.

The following result comes from Shneiberg [47].

Theorem 4.2. Let h € Cy(P). The set P, C P of recurrent points is invariant and of full

measure, i.e. v(P,) = 1.

It is immediate that the set of oscillatory points P, satisfies Py C P,. . As a consequence, P,
is residual and has full measure. The argument of Steinberg [47] proves that the set P, has full
measure. The invariance in the present conditions is a simple application of Fubbini’s theorem.

Moreover, for the n-dimensional torus, we have that all the points are recurrent in the quasi

periodic case if enough regularity is required (Kozlov [31], Konyagin [30], Moschevitin [34]):

Theorem 4.3. Let n > 1. Then there exists k, € N such that, if h € C*(T") N Cy(T") then

every p € T" s recurrent for h.

This result was deduced by Kozlov [31] for n = 2 and conjetures for the general case. It has
been proved by Konyagin [30] for n odd and by Moshchevitin [34] for general n > 1. Last result

leads us to the following definition

Definition 4.4. A function h € Cy(P) is Kozlov if every p € P is recurrent for h.
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We consider h € Cy(p) and the above framework for (3:0]). Then there exists Py, invariant and
of first category, and its complementary, the residual set P, such that the pullback attractor
A(p) = [-b(p),b(p)] with b(p) > 0 if p € Py and b(p) = 0 if p € Ps. Let P, be the recurrent
points and P, the asymptotic points. Recall that we denote by P, the oscillatory points in P.
We firstly have the following result

Proposition 4.5. Let pg € P.

i) t
sup/ h(pos)ds = oo if and only if b(po) =0, i.e., po € Ps,
t<0 Jo
and
i)
t
sup/ h(pos)ds < oo if and only if b(py) > 0, i.e., py € P.
t<0 Jo
i) If

t t
limsup/ h(pos)ds < sup/ h(pos)ds
0 0

t——o00 teR

then py € Py and there exists t € R with b(pot) > ro.

/t h(pos)ds
Proof. 1) Let y,,(t) = e/o . Note that y,,(t) = y(t,po; 1), yp,(0) = 1, with y(¢) the
solution of ([3.2). Then there exists t, — oo with nh—>r20 /_ ' h(pos)ds — oo. Suppose n big
enough. For T' > 0 br(po) < y(T,po(=T),r), and b(pg) = li(;nT — 00br(po). We have
(b Po(—tn). ) = — =y (tn, Po(—tn) Yoo (—tn)) = —7—=

Ypo(—tn) Ypo (—tn)
converges to zero as n — 0o, which implies the equivalence with b(py) = 0, for all py € P;.

For ii), let p > 0 with
t
supp/ h(pos)ds < ro.
0

<0

Then, if z(t; po; p) is the solution of (B.0) with z(0) = p it holds

t
x(t,po; p) = ,0/ h(pos)ds for all ¢t < 0.
0
On the other hand, since {z(¢,po;p) : t € R} is bounded, it is on the pullback attractor, i.e.
0, p] C [0,b(po)] and then b(py) > 0.
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t t2
For iii), there are t; < ty with / h(pos)ds < / h(pos)ds = p for every t < t;. Let
0 0
t

y(t) = y(t, po; ) = %0/ h(pos)ds solution of ([B.2)). Let t3 € (—oo,ts] be the first point with
0

y(t3) = ro. There exists v > 1 with yy(¢1, po; %0) = y(t1, po; V—;‘)) = 7ro. Hence the solution of
the nonlinear equation (B.0]) satisfies
Yo To
(t3, po; —) > x(t3, po; —) = o,
p p
which implies that b(pots) > x(t3, po; %) > 1. O

By this last result we get
Corollary 4.6. It holds that Py C P.
The following result characterizes the forwards attraction in the pullback attractor.
Proposition 4.7. Let py € P and vy € R. Then it holds
}E& x(t, po; xo) = 0 if and only if py € P,.
Proof. Suppose there exists tg such that if ¢ > ¢y then x(t, po; o) < 9. Then

| /  hipolte + 5))ds

x(t, po; xo) = x(t — to, poto; x(to, Po; o)) = x(to, Po; To

)

which implies
t
lim [ h(pos)ds = —o0,

t—o0 0
so that pg € P,.
On the other hand,

[ nmtepas

0 < x(t, po; xo) < xoe

which tends to zero if py € P,. O

Proposition 4.8. Let py € P.

i) If po € P,, the process ¢(t,po) has a forwards attractor defined by {0}.
ii) If po € PsN P, the process p(t,po) has no forwards attractor.
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Proof. i) and ii) are clear from Proposition .7l Indeed, if we have forwards attraction to zero

we have that py € P,. O

Remark 4.9. Note that if py € P, N Py we have proved that b(py) > 0 and lim,_... b(pot) = 0.
Thus, a proper definition of a forwards attractor {A(p)}pep for the cocycle should consider
minimality for the family A(p), in the sense that there is no proper invariant forwards attracting
family included in A(p). Thus, for py € P, N Py the forwards attractor should be defined as the
constant family A(p) = 0.

The following results are immediate consequences of Proposition [4.8]
Corollary 4.10. If h is Kozlov then there is no forwards attractor in P;.

Corollary 4.11. If h € U(P) and v(Ps(h)) = 1 then there exists a residual set of full measure,
P¥ such that, if py € P the process p(t,po) has no forwards attractor.

s

5. THE SETS R,(P), R¢(P). GENERICITY OF v(P;) = 1.
We define the sets
Ry(P) = {h € Co(P) - v(Ps(h)) =1}
and
Ry(P) = {h € Co(P): v(Pr(h)) =1}
It is clear that B(P) C Rs(P) and that Rs(P)U R(P) = Co(P). In this section we analyze the

topological size of these sets in Cy(P).

5.1. Rs(P) is residual in Cy(P). We consider the time reversed flow 6 on R x P defined as

o(t,p) = p(=1).
If y(¢) is a solution of ([B.2) then §(t) = y(—t) satisfies §'(t) = —h(po(—t))y(t). For simplicity

A

we denote by P the base space with time reversed flow, i.e. P = (P, 4, R). Note that the reverse

of the flow ¢ is again o.

Proposition 5.1. It holds
i) For any h € Cy(P), either h € Rs(P) or —h € Ry(P).
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A ~

ii) For the time-reversed flow, Ry,(P) = Rs(P), R;(P) = Rs(P).

Proof. Let h € U(p) and fix py € P.
t t
If supt<0/ h(pos)ds < oo then it follows from Proposition 3.1 that ianO/ h(pos)ds = —o0,
0 0

t
so that SuPtgo/ —h(pos)ds = oo and py € Ps(—h). As a consequence of the ergodicity of v we

0
conclude that at least either v(Ps(h)) =1 or v(Ps(—h)) = 1.
For ii), suppose that we are in the case with v(Ps(h)) = 1 and take py € Ps(h), so that

t
sup/ h(pos)ds = oc.
0

<0

Then there exist a sequence t. — —oo with

th
/ h(pos)ds = occ.
0

As v(P.) = 1 we can suppose that all the points of the sets {pot : t € R} are recurrent points.

For each n € N there exists t2 > 0 such that the sequence

2 2 —th
/ h(pos)ds — / B(po(tl + s))ds — 0,
t 0

1
this last property by the recurrence of path. But note that

[ iawionas == [ utsnas + [ nmisnas

! 0

n

t
so that, as / h(po(ty, + 5))ds — —oo, it holds that sup,- fot h(pos)ds = oc.

0
We consider the time reversed flow ¢ on R x P. Since, for ¢t > 0

¢ —t
/h(pos)ds:/ —h(po(—s))ds,
0 0
it holds

sup [ =hn(=s))ds = sup [ hims)dsos

<0 >0

hence po € P,(—h) and then we have that v(P,(—h)) = 1. As a consequence R,(P) C Ry(P).

A symmetric argument proves that Ry(P) C Rs(P) and thus equality. O
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Observe that this last result shows how big Rs(P) is on Cy(P), since shows that Cy(P) =
Ry(p) U(—=Rs(P)).

The references Johnson [27] and Novo and Obaya [35] provide examples of functions h € U(P)
and L : P — R measurable with L(pt)—L(p) = fot h(ps)ds for almost every p € P andt € R. We
say that L is a measurable primitive along the flow on h. The condition h € R;(P) requires in
addition that e € L>°(P). The example 3.2.1 in Johnson [27] uses methods, already suggested
in Anosov [2], to construct quasi period flows in the 2D torus T? and a function h € Cy(T?)
with

t
L(p) = sup/ h(ps)ds < Ly < o0 a.s.
0

teR

In this case h € R¢(P) and, moreover, for a.a. p € P

t
L(pt) — L(p) = / h(ps)ds for all ¢t € R.
0

This method was improved in the Appendix of Ortega and Tarallo [38], which in particular

implies that this kind of function h exists for every quasi-periodic flow.

Theorem 5.2. i) Rs(P) is a residual set in Cy(P).
i) The set Ry(P) ={h € Co(P) : v(P,(h) =1)} is also residual in Co(P).

Proof. For h € Cy(P), k € N,k > 1 we define

Ni(h) ={p € P: limsup %l({t e[-T,T]: |/0 h(ps)ds| < k}) =0},

T—o0
with [ the Lebesgue measure in R. It is clear that Nyy1(h) C Ni(h) for all £ € N. In Johnson
[26] it is proved that the set

Do ={h € Cy(P) : v(Ni(h) =1 for all k € N}
is residual in Co(P). If h € Ry(P) then v(Pf(h)) = v(P(h) =1, i.e.
t
L(p) = sup/ h(ps)ds < oo a.e.
0

teR

and hence for a.e. p€ P and allt € R

Lipt) = L) = [ hps)as
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Thus, for k big enough

t
lim sup Ll({t e[-T,T]: |/ h(ps)ds| < k}) >0
T—o00 2T 0

for a.a. p € P. Thus, for k big enough, v(Ni(h)) =0, so that h € Co(P) \ N, i.e., Dy C R4(P)
and this set is residual.

For ii), Let R* the set of functions h € U(P) satisfying

t t
sup/ h(pos)ds = sup/ h(pos)ds = oo for a.a. p € P,
0 0

<0 >0

t t
inf/ h(pes)ds = inf/ h(pos)ds = —oo for a.a. p € P.
0/, 0 /,

i<

Then R* = R,(P)((—Rs(P)) is residual, which implies that
Ro(P)={h € U(P): v(FPy(h)) =1} is a residual set in Cy(P).
U

5.2. The case R;(h)) # (). In this section suppose there exists h € U(P) with v(P(h)) = 1.
Then it holds

Proposition 5.3. R;(P) is a dense first category set in Cy(P).
Proof. From the last result, it is clear that Ry(P) is of first category. Fix h* € Ry(P). Then
{h+ph*: he B(P), p> 0} C Ry(P).

Fix h € Cy(P) and € > 0. There exist hy € B(P), po > 0 with [|h — ho|| < €/2, and
pol|h*|| < €/2. Then hg + poh* € Rf(P) and ||h — hg — poh*|| < €. O

In Section [3.4] we have shown the existence of a pullback cocycle attractor which contains a
pinched set, which is continuous in parameter p if p € P; and which is not forward attracting
in the residual set P..

The following result gives a forward attraction to the pullback cocycle attractor in a set of no
continuity and of full measure. Note that, from the result in Cheban et al [I3] one could tend
to think that the forwards attraction in a pullback attractor is related to the continuity in the
parameter for the cocycle attractor. The following result shows that the uniformity condition

for the continuity in [I3] is necessary.
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Theorem 5.4. Let h € Cyo(P) \ B(P), with v(Ps(h)) = 0. Then there exists an invariant set
A C P¢(h) with v(A) =1 such that if p € A then A(p) is the forwards attractor of the process
o(t, 0sp)xo = z(t — s, ps; xy) associated to (3.5).

Proof. For p € Ps(h) we have that A(p) = [a(p), b(p)] with a(p) < 0 < b(p). Moreover, for r big

enough,

b(p) = Jim br(p) = lim 2(T,p(=T);r); alp) = lim ar(p) = lim z(T,p(=T); =r).

T—o00 T—o00

By Egorov theorem (Rudin [41]) there exists a compact set Ay C Pr(h) with v(Ag) > 0 (as

close to one as desired) such that

b(p) = lim br(p) uniformly in A,.

T—o00

Thus, b is continuous in the compact set Ay and then there exists § > 0 with b, > 6 > 0.
Let A > 1. We now prove that Ag(b(p)) > g(Ab(p)). Indeed, if g(b(p)) = 0 is clear. If g(b(p)) =

—(b(p) — 70)* then g(Ab(p)) = —(Ab(p) — 70)* < =A*(b(p) — 70)* < =A(b(p) — r0)> = Ag(b(p)).
Thus,

(Ab(p))" = Ab(p)h(p) + Ag(b(p)) = h(p)Ab(p) + g(Ab(p)),
which means that Ab(p) is a super-equlibrium for (3.5). Thus, if A > 1 and p € P

b(pt) < x(t, p; Ab(p)) < A\b(pt), for all t > 0.

By Birkhoff’s Ergodic Theorem (Nemytskii and Stepanov [37]) there exists an invariant set
A with v(A) = 1 such that for all p € A there exists a sequence {t},en with ¢t — oo and
ptt € Ay. We will prove that for p € A and r > ry big enough we have that

tlim x(t,p;7r) — b(pt) = 0.

Let ¢ > 0 and A > 1 with b(p)(A — 1) < e for all p € P. For p € A, there exists a t} with
pty, € Ag satisfying by (pty) < Ab(pty) by the uniform convergence in Ay, hence

0/< by (pt) — blpty) < (A — 1)b(pty) < <.
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Then, if t > ¢ it holds that

w(t,pir) = x(t — 6, ptr;(ty, pir)) = ot — ), pty; by (pt))
< a(t — ty, pin; Ab(pty,))
< Ab(t =t pty; b(pty,)) = Ab(pt).
Then, for all t > ¢7,
0 <zx(t,p;r) —b(pt) < (A—1)b(pt) <e,
which implies the forwards convergence in A.

U

Remark 5.5. Note that in this case we have obtained that the cocycle attractor A(p) # {0}
with full measure (as v(A) = 1 in a subset of no continuity points for the cocycle attractor,
in which we also find forwards attraction. We see that is a natural fact not to get forwards

convergence where the cocycle attractor is continuous.
6. CHAOTIC DYNAMICS ON THE ATTRACTOR

In this last section we study in detail the dynamical complexity of cocycle attractors. We
show the presence of different types of chaotic behaviour in our cocycle attractor. In particular,
we prove that the attractor possesses chaotic dynamics in the Li-Yorke sense, and that there

exists sensitive dependence on initial conditions.

6.1. Chaotic cocycle attractors in the Li-Yorke sense. In this final section we will study

chaotic dynamics in the Li-Yorke sense on our cocycle attractors.

Definition 6.1. Given (K, 0,d) a continuous flow in a compact metric space, a pair {z,y} € K

1s said a Li-Yorke pair if it holds

limsup d(o(t; x), o(t;y) > 0, liérn inf d(o(t;z),o(t;y) = 0.

t—o0 —o0
A set S C K is said scrambled if every {x,y} € S is a Li-Yorke pair. Finally, we say that the

flow (K, 0,d) is chaotic in the Li-Yorke sense if there exists an uncountable scrambled S C K.

We will now consider our cocycle attractor A(p) = [a(p), b(p)] associated to (B.5]) and consider

K =A=J{p} x [a(p). b(p))-

peEP
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Since our flow on the base (2, 0,R) is almost-periodic it is obvious that if ({;,21) € Q X R,
(&2, 72) € Q x R are a Li-Yorke pair then & = &. Thus, if Sy C 2 x R is a scrambled set there
exists Py C P such that Sy C A(pg). This motivates the following definition:

Definition 6.2. We say that A is fiber-chaotic in measure in the Li- Yorke sense if there exists

an invariant set P, C P with v(P.,) = 1 such that A(p) is scrambled for all p € P..

Note that P, C Py and it is a set of first category. Thus, our set is different from the residually
Li-Yorke chaotic sets analyzed in Bjerklov [7] and Huand and Yi [23]. The arguments of this

papr also shows that our fiber-chaotic compact set have zero topological entropy.

6.1.1. Chaotic dynamics with full measure. We consider the framework of the previous Section,
that is, we have v(Py) = 1 being b(p) > 0 for all p € P.
We first need the following important result which guaranties that, with full measure, the

pullback attractor is described from complete bounded trajectories of the linear system (B.2).

Proposition 6.3. There exists P, C Py invariant and with v(P,) =1 such that 0 < b(p) < rg
for allp € P,.

Proof. Let us define Cyp = {p € P : there exists t € R with b(pt) > ro}. It is clear that Cj is
measurable and invariant. We argue by contradiction and assume that v(Cy) = 1. Take m € N
and C,, = {p € P : there exists t € R with b(pt) > ro + =}. Note that Co = J;-_, Cj. Then
there exists my € N with v(C,,,) > 0. Define

1
Ch={pe P: thereexists t > 0 with b(pt) > ro + —}.
m

Let £y, C Cp,, compact with v(Ey) > 0, bg,. Then there exists a compact set E; C Ep
with 0 < v(E)) < v(Ep) such that for all p € E; there exist sequences s} — oo, s2 — —o0
(depending on p) such that psl, ps? € Ej for all n € N. Note that for all p € Ej there exists
t(p) with b(pt(p)) > ro + m%) Since b(pt) = x(t, p; b(p)) for every p € P and b is continuous on
Ey, it holds that b(pit(p)) > ro + m%) for all p; € B(p,d(p)) N Eyp.

Finally, Ey C Upeg,B(p,d(p)) admits a finite recovering, so that there exists 75 > 0 such
that, for all p € Ey we find t(p) with [t(p)| < Ty satisfying b(pt(p)) > ro + mio
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If we now denote by x(t,p; o) the solution of the linear equation ([B.2]), we will prove that,
if we take and fix p € E, then lim,_ 2(s.,p;b(p)) = oo. Denote s, = s.. We can suppose
that s,11 — s, > To + 1 for every n € N. Suppose also that ps, € Ej tends to p* € Ey and
lim,, oo 2(Sp, p; b(P) = Yb(p*) < oo. For all n € N there exists |t,,| < Ty with b(p(t, + s,)) >
ro + mio and p(t, + sn) = p(Sn—1 + (Sn — Sn—1 + t,)), implying that ps,,p € C} , and then
B, C O

Note that if A > 0

(Ab(pt))" = h(pt)Ab(pt) + Ag(b(pt)) < h(pt)Ab(pt), for all t € R,
i.e., 70b(p) is a super-equilibrium for (83) and, for allt > 0, p € P

z(t, p; 70b(p)) > Yob(pt).

Moreover, v0g(b(pt(p))) > 0 and
then

d
%(%b(pt))\tzt(p) < h(pt)Yob(pt) jt=t(p),

implying that the super-equilibrium is strong.

Then there exist v > v1 > 7 and ty > 0 with

x(t, p*;70b(p*)) = v2b(p"t)

for every t > ty. Moreover

b(p*to) = lim b(p*(sn + to))

n—oo

hence there exists ng € N such that

Z(Sng + 1o, p; 0(p)) = 110(p(8no + t0))

and thus
(80, p; b(p)) = 110(p(sn))
if s, > sy, + to, so that

lim z(s,, p; b(p)) > 71b(p"),

n—oo

which contradicts the definition of vy and finishes the proof.
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Let A C P, a compact set such that v(A) > 0 and
Ao ={p € P, : there exists t, — oo with pt, € A}.
We know that v(A) = 1. We will prove that
Theorem 6.4. For all p € A, the sets [—b(p), b(p)] are scrambled.

Proof. Note that it is enough to prove it for [0, b(p)]. Take p € A,. Then there exist sequences
tL 12 with pt! € A for all n € N and pt2 — py € P,. Then, if 21,25 € (0,b(p)] there exist

n’’n

Y1, 7 v2 € (0,1) such that x; = 71b(p) and x5 = 72b(p). It holds that

t1

X ) / h(ps)ds .
|z(t,,, p; 110(p)) — x(ty,, p; 12b(p))| = |71 — Y2lb(p)eo = |71 — 72|b(pt,,)

which is between 0|y —72| and |y, — 72| for some &,y > 0 by the continuity of b on the compact
set A.
In the same way

|2 (2, p; 11b(p)) — (2, p; 12b(p))| < b(pt2) — 0.

Note that the result is also true if 4, = 0.
O

6.1.2. Chaotic dynamics in a fiber. In this final section we prove the existence of chaotic dy-

namics in the Li-Yorke sense in the case of v(Py) = 0.

Theorem 6.5. Let h € Co(P) a Kozlov function. Then the pullback attractor associated to
B3) is chaotic in the Li-Yorke sense.

Proof. There exists py € Py with

t
sup/ h(pes)ds = p < oc.
0

teR

Ifogxogﬁthen
P

t
/ h(pos)ds
x(t, po; xo) = xeelo )
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It then holds that [0, “] C [0,b(po)]. We see that [0, *2] is scrambled. Let 0 < A <v < . We
have that

t
/ h(pos)ds
2(t, po; v) — (t, po; A) = (v — A)edo :
t
As py is recurrent, there exists a sequence t. — oo with / b(pos)ds — 0. Then
0

n—oo

On the other hand, as P is minimal and P dense, given p; € P; there exists t2 — oo such that

£
/ b(pos)ds — —oo and
0
lim (2(t5, po; v) — x(t;,, po; A)) = 0.

O

Remark 6.6. Observe that if h is a Kozlov function, we had proved the non-existence of
forwards attractor with full measure. Now we have proved the Li-Yorke chaotic motion in this

framework.

6.2. Sensitive dependence on initial conditions. Let (K d) a compact metric space with

continuous flow ¢ and M C K compact and invariant.

Definition 6.7. We say that M is sensitive with respect to initial conditions (sensitive for
brevity) in K if there exists p > 0 such that for all x € M, > 0 there exists y € K and t > 0
with

d(z,y) <6 and d(o(t,z),o(t,y)) > p.
If M = K we say that K 1s sensitive with respect to initial conditions.

Definition 6.8. A dynamical system (K, o) is called transitive if there exists a point x € K

with dense orbit in K. Any such point is called transitive point.

Definition 6.9. We call dynamical system (K, o) chaotic in the Auslander-Yorke sense if it is

both sensitive and transitive.
Now we consider the pullback cocycle attractor for (B.5]).

Proposition 6.10. The minimal Ay = Upep{p} X 0 is sensitive in A.
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Proof. Let py € P and p; € Py with b(p1) = ro. Fix § > 0. Then there exists po € P; with
d(po, p2) < /2 and a sequence t,, — —oo such that lim, .. (pitn, b(pit,)) = (p2,0).
We consider the distance d((p1, 1), (p2, z2)) = d(py1, p2) + |21 — 22|. Then there exists ny with

d((pitn, b(pitn)), (p2,0)) < §/2 for all n > ny. Thus,

d((pitn, b(pitn)), (po,0)) < 6

and

d((p1,b(p1)), (Po(—tn), 0)) = 7o,

which completes the proof. O

We now consider the case in which v(Py) = 1.
We know that A(p) = [—b(p), b(p)] with b(p) > 0 if p € Ps. For each X € [0, 1] we define the

measure () on A by Riesz theorem by

/ fdpy = / f(p, Ab(p))dy, for all f e C°(A).
A P

By Proposition we can suppose that b(p) < rg for all p € Py. Then, since z(t, p; Ab(p)) =
Ab(pt) for all p € Py,t € R then for each t € R and f € C°(A)

[ rsdn= [ st tan= [ 3= [ sa

so that p is an invariant measure on A with pu(A) = 1, which is also ergodic. We now denote
by supgy the support of A, which is a compact invariant set in A. For each X € [0, 1] we denote
by Ay = supuy C A. It is clear that Ay = {(p, \z) : (p,z) € Ay }.

Theorem 6.11. Suppose v(Py) = 1. Then the compact invariant set Ay is sensitive and chaotic

in the Auslander-Yorke sense.

Proof. Since puy is ergodic there exists an invariant set K, C A of transitive points with
px(Ky) = 1. Thus, A, is topologically transitive. Clearly, (p, \b(p)) € A, for a.a. p € P
and AgsubsetAy. Then, the flow TI(¢) on A, is not equicontinuous. Thus, by Theorem 1.3 in

Glasner and Weiss [I8] v is sensitive, which finishes the proof. O
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