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ABSTRACT: It has been recently shown that a chiral molecule accelerates linearly along a
spatially uniform magnetic field, as a result of the parity-time symmetry breaking induced
in its QED self-interaction. In this work we extend that result to fundamental particles
which present EW self-interaction, in which case parity is violated by the EW interaction
itself. In particular, we demonstrate that, in a spatially uniform and adiabatically time-
varying magnetic field, an unpolarized proton coupled to the leptonic vacuum acquires
a kinetic momentum antiparallel to the magnetic field, whereas virtual leptons gain an
equivalent Casimir momentum in the opposite direction. That momentum is proportional
to the magnetic field and to the square of Fermi’s constant. We prove that the kinetic
energy of the proton is a magnetic energy which constitutes a Doppler-shift correction to
its EW self-energy.
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1 Introduction

The vacuum state of any quantum field theory contains field fluctuations whose energy is
commonly referred to as zero-point energy [1, 2]. Such an energy, which is conjectured to
form part of the cosmological constant [3], could have observable gravitational effects [4].
In addition, when quantum field fluctuations couple to material current fluctuations, their
interaction energy is finite and can be detected through physical observables of the ma-
terial degrees of freedom. That is, for instance, through the forces between conducting
plates in the Casimir effect [5-7], the van-der-Waals forces between neutral polarizable
molecules [8, 9], or the Lamb-shift of neutral atoms [2, 10, 11]. Beyond QED, analogous
Casimir effects have been addressed in QCD and non-Abelian gauge theories [12-14], as
well as in braneworld scenarios [15].

On the other hand, homogeneity of space and translation invariance of the vacuum state
of any quantum field theory imply that the net momentum of its vacuum field fluctuations
is identically zero. However, when quantum field fluctuations couple to material current
fluctuations through a Hamiltonian which violates both parity (P) and time-reversal (T),
it is symmetry allowed for the field fluctuations to acquire a net virtual momentum. Con-
versely, in virtue of total momentum conservation, the material degrees of freedom gain a
kinetic momentum of equal strength in the opposite direction, which can be experimentally
accessible.

The existence of a virtual momentum of electromagnetic (EM) fluctuations was first
shown by Feigel in ref. [16] —see also refs. [17-20]. There, P and T symmetries appeared
broken by the magneto-optical activity of a chiral medium in a magnetic field. Feigel
obtained a net momentum for the fluctuations of the effective EM field, which he referred
to as Casimir momentum for its analogy with the energy of the EM fluctuations in the
Casimir effect. However, Feigel’s semiclassical approach, based on the application of the
fluctuation-dissipation theorem to an effective medium, contained unphysical divergences.
Later, the QED approach of ref. [21] revealed that a finite Casimir momentum is indeed
carried by the virtual photons which couple to a chiral molecule in the presence of a
magnetic field. In contrast to Feigel’s, the approach of ref. [21] was Hamiltonian, with P
being broken by the electrostatic potential generated by the chiral distribution of atoms
within the molecule, and T being broken by the Zeeman potential of the magnetic field.
Further, it was shown that the kinetic energy of the molecule is a Doppler-shift correction
to the QED self-energy of a chromophoric electron within the molecule [22].

The main purpose of this article is to demonstrate that the Casimir momentum is not
an effect unique to photons interacting with chiral molecules, but a generic phenomenon
in nature. This is so because the electroweak (EW) interaction of fundamental particles
violates parity-symmetry by itself. This implies that any fundamental particle can be
accelerated along spatially uniform magnetic fields. In order to demonstrate these facts,
we compute the Casimir momentum of the virtual leptons which couple electroweakly to an
actual unpolarized proton in the presence of a magnetic field. The underlying mechanism
through which the proton accelerates is analogous to that which explains the directionality
of beta emission in the decay of polarized nuclei [23], but for the fact that while leptons



are actual particles in the latter case, they remain virtual in the former one. That is, in
the first place chirality in the EW interaction implies an alignment between the spins and
the momenta of the hadrons and leptons which participate in the EW self-interaction of
the proton. On the other hand, the magnetic particles get partially polarized along the
magnetic field, which breaks time-reversal. Hence, virtual leptons are emitted and absorbed
by the proton with different probabilities in the directions parallel and antiparallel to the
magnetic field, resulting in a net transfer of momentum to the actual proton, as well as
to the virtual leptons, along the polarization axis. Ultimately, we aim at unraveling the
transfer of momentum and energy among the proton, the EW vacuum and the magnetic
field. In this respect, we show that whereas the kinetic energy gained by the proton is a
Doppler-shift correction to its EW self-energy, which is provided by the source of magnetic
field, its momentum is provided by virtual leptons.

The article is organized as follows. In section 2 we describe the fundamentals of our
approach and the Hamiltonians of the relevant interactions. In section 3.1 we compute the
lepton Casimir momentum as well as the velocity reached by a proton along an external
magnetic field. The nature of the proton kinetic energy is explained in section 3.2. The
conclusions are summarized in section 4 together with some relevant comments.

2 Fundamentals of the approach

We adopt a time-dependent quantum perturbative approach, using the Hamiltonian for-
malism in Schrédinger’s representation. Slowly time-varying quantities like momenta and
energies are evaluated in the adiabatic limit at zero temperature. As for the Hamilto-
nian, we use the Dirac Hamiltonian for free nucleons and leptons in an adiabatic magnetic
field, a low-energy effective potential for their EW interaction, and a simplified confining
Hamiltonian to model the internal dynamics of the constituent quarks within the nucle-
ons. Therefore, while nucleons and leptons are described as low-energy quantum fields, the
quarks within the nucleons are treated as quantum mechanical states.

Let H = Hy + W be the total Hamiltonian of the system in a spatially uniform
magnetic field B, where Hy =) Hf + HS

mag T HY. is the nonperturbative Hamiltonian,

and W is the perturbative EW interaction. In Hy, Hf is the Dirac Hamiltonian of free
particles of the kind a, while H,, accounts for their interaction with B. The particles are
fundamental leptons, electrons (e) and neutrinos (v); and composite nucleons, protons (p)
and neutrons (n), made of up (u) and down (d) quarks. Regarding nucleons, the dynamics
of their internal and external degrees of freedom are considered decoupled. As for their
external dynamics, protons and neutrons are Dirac fields which may be considered the two
components of an isospin doublet of isospin I = 1/2, approximately equal masses, and
third isospin components I3 = +1/2, respectively. Hereafter we will label with a script
N all those operators which act upon the nucleon doublet. As for the internal dynamics,
we consider up and down quarks as constituent quarks with equal masses mq =~ my,
and treat them as quantum mechanical states. They are bound within the nucleons by
some effective strong confining potential which, together with their internal kinetic energy,

conform the internal nucleon Hamiltonian H?,

it~ Lastly, W is the low-energy four-fermion

EW-Hamiltonian of interaction between nucleon and lepton fields.



2.1 Dirac Hamiltonian with an adiabatic magnetic field: Landau levels

As for the Dirac and magnetic Hamiltonians in Hy, they read in natural units, i = ¢ =1,

Hg = /ng ‘ija(_'m/jaj +mo¢)\11a7 (2.1)
— . K Lo~
Hr?lag - /dBR\I}a[_QQ’Y]Aj - %SUFQ‘]\II@, (22)
where i,j = 1,2,3 are spatial indices, and the script a denotes the kind of particle,

a =p,n,e,v. ¥, are Dirac spinors with charges ¢, and masses m,, and spatial derivatives
for nucleons are with respect to their center of mass, R. We consider that each nucleon
interacts with the magnetic field as a whole [24], with kp,un/2 being their anomalous
magnetic moments, kp,/2 the anomaly factors, and py the nuclear magneton [25-27].
Sij = i[vi,7;]/4 is proportional to the spin operators [28-30], F;; = 0; A @fli is the
electromagnetic tensor, and our gauge choice for the electromagnetic vector, A = —Byx,
yields an external magnetic field B along the z-axis, which increases adiabatically from
0 to a final value Bg. Thus, Hy,, evolves adiabatically with B until B = By, and re-
mains constant from them on. Under these conditions, the eigenstates of Hy(B) evolve in
time with B towards the corresponding eigenstates of the stationary Hamiltonian Hy(By),
with B considered a quasi-stationary parameter in Hy(B) at any time. As explained in
appendix C, we will replace the time-dependence of the eigenstates of Hy(B) with their
dependence on B, which will appear as a subscript. Lastly, the value of B is such that the
inequality eB < m?l is assumed throughout this article.

The eigenstates of Hf, + Hf,,,(B) and H P 4+ Hhag(B), for electrons and protons re-
spectively, correspond to Landau levels. In our gauge, they are characterized by two
quantum numbers, principal number N' = 0,1,2,... and spin number S = 41; and
by the continuous components of their canonical conjugate momenta along X and z,
p and k for protons and electrons, respectively, |V, S;p(k))R". Virtual electrons and

positrons are field fluctuations of the leptonic vacuum, [€;)p, whose energies depend

only on N accordlng to E, = = /m2+k2+2NeB. In terms of creatlon operators for
positrons, b/\/s’ the positron eigenstates read |N,S; ks, k.)f = m s(ka, k2)|u)B.

As for the actual proton, its state is at any time a linear combination of the two low-
est Landau levels with A" = 0 and S = +1, |0,1;p) and |0, —1;p)G, with energies

Ef = \/ m2 +p2 + (1 F 1)eB F kpunB/2, respectively. In terms of creation operators for

protons, aﬁ s acting upon the hadronic vacuum [€2;)B, the eigenstates of the actual proton

read |0, 1) = \ /2L by, (02, 22) |08

Neutron states of momentum p experience a Zeeman splitting which depends only on
the spin number S = +1, E} = [(,/m2 +p2 +p2 F Kty B/2)% 4 p2]'/2. Finally, massless
neutrinos are free fermions of momentum q and energy E, = q.

Expressions of the spinor eigenstates as well as of the fermion fields of all the species
are compiled in appendix A — cf. [26, 27, 31-34].



2.2 Internal nucleon effective Hamiltonian, HIJIYt

For the sake of simplicity we adopt the simplest effective quantum mechanical model to
describe the strong confinement of quarks within the nucleons. In this model the three
quarks, up and down, are considered constituent quarks of equal masses, m, =~ mg, whose
dynamics is nonrelativistic. They are bound together by a strong confining potential which
is modelled by a harmonic-oscillator potential, ‘/C][\fnf. This is a simplification of the models
of refs. [35-38], from which we disregard higher order corrections associated to Coulomb
and hyperfine interactions between quarks.

The relevant EW interaction in our calculations takes place within the nucleon at the
location r of an active quark, up for proton, down for neutron, while the remaining quarks
rest as spectators [see figure 1]. We denote the position vectors of the three constituent
quarks of the nucleon by r,, rq, and r ,where r,, and rg refer to the up and down spectator
quarks, and r is the position vector of the active quark in the laboratory frame. Their
corresponding conjugate momenta are p,, pg, and p. The Jacobi position vectors and

corresponding conjugate momenta read [35],

ry+rg+r . TIy+rg

R:f’ r, =T — Iy, ry=r— 5
_ Pi— P 2P — Pu— P4
P=Pu+DPi+tD, Pp="—5 “, pA=—3“ ,

where R is the centre of mass of the nucleon and p its conjugate momentum. As for the
active quark, its position vector I reads, in terms of Jacobi’s coordinates, ¥ = R + 2r, /3.
In the nonrelativistic limit, the total kinetic energy of the nucleon is, in terms of Jacobi’s
momenta,

2 4 p2 42 ?/6 + p, + 3p3 /4
putpit+p +O(63/md):p/ P+ 303/

2 + O(eB/myg), (2.3)
mq mgq

from which we identify the first term on the right hand side with the kinetic energy of the
centre of mass, already accounted for in HJ;"; and the reminder, pl% /mq + 3p3 /4mg, with

the internal kinetic energy of the quarks within the internal nucleon Hamiltonian, Hijl\{t,

H1]1Yt = p?)/md + 3p§/4md + ‘/c]c\)[nf(rm TA)? (2'4)

where VN . = maw?(r3 /4+73 /3)—3w/2 is the aforementioned harmonic-oscillator potential.
The terms of order eB/my in eq. (2.3) stem from the coupling of the conjugate momenta
to A, which are negligible at our order of approximation. Following refs. [36, 37, 39,
approximate values for the constituent quark mass mg and the effective frequency w are
mg ~ 340MeV and w = 250MeV, respectively.

Owing to the approximate flavor symmetry of HY,

ot for mg ~ my, we will see that

the EW interaction does not affect the internal nucleon dynamics but for the recoil of the
active quark. At zero temperature, the internal nucleon state is the ground state of Hi]r\ft,
]qb?nt>, whose energy we set to zero. In Jacobian spatial coordinates, its wavefunction is

3
(el ) = gygre R, = (25)
X Lp|Pint 33/47'('3/26 s wmg. .



m = mw. It is of

Excited states |¢[”,), m > 1, become rapidly relativistic with energies E[" =

note that, although chgnf and |¢?nt> are manifestly model-dependent, they set generically
an upper limit for the internal momenta of the constituent quarks at ~ mgy. Momentum
conservation at the vertex of interaction implies an equivalent cutoff for the momentum of
the virtual leptons which interact with the active quark.

Finally, the initial state of the system is the ground state of Hp, made of an unpolarized
proton at rest and the leptonic vacuum, at zero magnetic field. Using the nomenclature of

the precedent section, it reads
[(0)) = |®)o = [)o @ |¢f) ® [0, 1;0) + |0, =15 0)5 /2Lmy/?, (2.6)
where L — oo is a normalization length and the subscript 0 stands for zero magnetic field.

2.3 Effective four-fermion EW-interaction, W

On top of Hy the EW interaction, W, is perturbative. Since the upper limit for the
momenta of the virtual leptons in the process of figure 1 is of the order of my, thus much
less than the mass of W* bosons, W is well described by the low-energy four-fermion
potential [28-30, 40-44],
_ Gr 3p 7 T (& _
W=—= [ d°R J};(r)J,(r) + h.c., pw=0,1,23, (2.7)
V2
where Jﬁ(f') = U (F)y"(I — v5)¥,(F) and J,f(f‘) = U, (F)7" (I — gays)¥n(T)

are the leptonic and hadronic currents respectively, with g4 ~ 1.26 being the axial-vector
coefficient and G the Fermi constant. As mentioned earlier, the EW interaction takes
place within the nucleon at the location of the active quark, r, while the remaining quarks
rest as spectators [figure 1].

Chirality in W manifests in the coupling of left-handed particles to right-handed an-
tiparticles. In turn, that results in a net alignment between the spins and momenta of the
hadrons and the leptons which participate in the EW interaction. It explains, for instance,
the celebrated experiment of Wu et al. [23] on the beta decay of polarized Co%° nuclei,
where left-handed electrons are preferably emitted in the direction opposite to the spins of
the nuclei [42-44].

3 Lepton Casimir momentum and proton kinetic energy

In this section we compute the Casimir momentum of virtual leptons and explain the
nature of the kinetic energy gained by an actual proton under the action of an adiabatically
increasing magnetic field.

3.1 Lepton Casimir momentum and proton velocity

We show by direct computation that the application of an adiabatically increasing magnetic
field B on an initially unpolarised proton at rest, makes virtual leptons acquire a net linear
momentum parallel to B while the nucleon accelerates in the opposite direction. The



Figure 1. (a) Diagrammatic representation of ((K.+ + Q,)(t)) at order W2 considering the time
evolution of B. Time runs along the vertical. The magnetic field increases from 0 at time 0 to
By at tg. Black circles depict vertex operators, W. Kinetic momentum operators of neutrinos
(dashed circle) and positrons (grey circle) apply at the observation time ¢ 2 to. (b) Diagrammatic
representation of (K.+ + Q. )B, according to egs. (3.1) and (3.3) in the adiabatic approximation.
The value of the magnetic field remains constant at By, and the asymptotic state in the far past is
|®)B, given in eq. (3.2).

quantity of our interest is thus ((K.+ + Q. )(t)), where ¢ is the time of observation and
K.+, Q. are the kinetic momentum operators of positrons and neutrinos, respectively,

Qll = /dgr \I’i(r)(_iv)\yu(r)|neutrin05a Ke+ = /dsr ‘I’i(r)(—iv + BA)\Ile(r)’IJOSitrOHS'

The expressions for K, + and Q, in terms of creation and annihilation operators of positrons,
peth) (T)(

N, s(kz, k2), and neutrinos, a5 (q), are derived in appendix B.2. The chirality of W along
with the magnetic field B break the mirror symmetry with respect to the xzy-plane. There-
fore, the only nonvanishing component of ((K.+ + Q,)(t)) may be that along B || z. In
addition, translation invariance of H along the magnetic field implies conservation of to-
tal momentum in that direction. Writing the kinetic momentum operator of the nucleon

doublet as
Py = / d3r[\Ifm)(—N)\Ifn(r)\neumns + W (1) (—iV — eA)Wp(r) protons |

that implies z - [Py + K.+ + Qu, H] = 0, from which it holds that z - (Pn(t)) = —2 -
(Ke+ + Qu)(t)). Therefore, if the leptonic momentum presents a non-zero component
along B, we can be certain that the nucleon accelerates in the opposite direction. Whereas
the kinetic momentum of the actual nucleon, (Px(t)), is the quantity that can be accessed
experimentally, the momentum of the virtual leptons, ((K.+ + Q,)(¢)), is what we can
compute. In order to do so, we apply the formalism of appendix C to the expectation
value of the leptonic momentum as the magnetic field increases adiabatically from 0 to
its final value By at time 3. Considering the observation time ¢ greater than ty and



much shorter than the spin-relaxation time of the proton, it holds that ((K.+ + Q,)(¢)) =
(Ke+ + Qu)(to)) for t 2 to. Using the nomenclature of appendix C and eq. (C.7), we can
write this quantity in the adiabatic approximation as

<I<e+ + QV>BO = Bo <CI)’ @;[30 (t)(Ke+ + QV)[DBO (t) ’(I)>Bo> t 2 to, (3'1)

where |®)pg, is the state of the system which evolves adiabatically from |®(0)) towards its
corresponding eigenstate of Hy(By),

| > |QZ>B0 ® |¢mt> [

,1:0)+]0, =1;0)] 5, /2Ly/ EY, (3.2)

and Up, (t) is the time-propagator in the adiabatic limit given in eq. (C.4). We compute
eq. (3.1) at leading order in W, i.e., O(W?). Its diagrammatic representation is that of
figure 1(b). There, an actual proton emits a virtual positron-neutrino pair in the presence
of an external magnetic field Bg. Applying the aforementioned symmetry considerations
to eq. (3.1), the Casimir momentum of leptons at time t > tq is, at O(W?2),

0o+ Qs = T [ ROR s (@4 00 K T2 ) )
e 0 2 0 [HO(BO) ] 0
where p,p=0,.,3, E§=m,+ unBy, and (3.3)
a d3q l/T 14
(Qu+Ke+)‘Z:/(27r)3Qz Z ag' (a)as(q)
S=+1
dkpdk, . .
+/2kz SN b sk k)b s (o K2
(27)
S=+1N=0

The leptonic and hadronic currents flanking the energy denominator of eq. (3.3) give rise
to quadratic vacuum fluctuations for leptons, and quadratic hadron fluctuations upon the
proton state [|0, 1; O>+|O7 —1; 0>]Z];0 /2L \/E710” . Explicit expressions of these fluctuations are
written in appendix D.

In eq. (3.3), Y., Hag in Ho(Bo) causes an effective orientation of the spin of each
magnetic particle along Bg, o = e, n, p. On the other hand, the chiral potential W induces
an alignment between the spins of the particles and their momenta. Both effects together
result in a net alignment of the linear momenta of leptons and hadrons along By and, in
turn, in a nonvanishing value of (K.+ + Q,)B,. Its final expression reads

dp,dqdk,dk, >
Ko+ +Qu)B, _Re/dyd /pyq)G et Py+ay) (y—y') (ks +q.) 2 Z) PO |om) ‘
m=0

2 +IN ’£e+

1

x Z ¥ 5NmEe {fo@pﬂo(g;)(k- 6520 [a (14 362) +
() (- (98,))a (aa ~ 17+ (a- (08,))Bilaa + 1)2] +Iv(E ) IV(EL)

% Io(&) 1o (€)) [(k (6Sa)) 20 (14 362 + 49.4) + (a- (0.)) B (g — 1)] } (3.4a)



where (0870) = %;';’VIN@@IN(&;), (08p) = “jﬂi" To(&)10(&,) + (&) 11 (&),
and (6S,,) = W (3.4b)

are, respectively, the net spin density of any pair of consecutive positron Landau levels,
N, —1;k>]e30 and [N + 1, 1;k>eBO; the net spin density of the two lowest proton Landau
levels, |0, 1;0)’]’30 and |0, —1;0)’]’30; and the net spin of any pair of neutron states with
equal momenta and different spin numbers, -1 and +1. Their equations are written in
appendix B.1. In eq. (3.4a), y and 3’ are the coordinates of the center of mass of the
nucleon along y; k is the canonical momentum of the virtual positrons; q is the momentum
of the virtual neutrinos; and p is the momentum of the intermediate neutron. With our
choice of gauge, conservation of momentum along the axis X and z holds at each vertex,
implying py. = —(ks» + qu,»). Concerning the energy denominators, for eBy < m3,
Enm = (K2 + ¢® + 2NeBy)?/2mg + q.k./mq + q + Ef + myu — mp + mw is the energy
difference between the initial and intermediate states. The derivation of the kinetic terms
is detailed in appendix E.1. The functions In(€) = (eBo)Y*Hr(€)e /2 /7 /42NN are
the charge distribution functions of the Landau levels, with Has the Hermite polynomial
of order N, {I(,,) = eByy') for protons, and fg = VeBoy) + k,/+/eBy for positrons.
Finally, [(¢) |¢)|? is the square of the form factor between the internal nucleon ground
state and the m'" state,

(Bl Pl) = (9 e >r (DTN BRI/ g ).

For the nonrelativistic harmonic oscillator in eq. (2.4) the form factors posses a Gaussian
profile in momentum space which, in an effective manner, sets a cutoff for the momentum
integrals at ~ mg —see eq. (E.13).

As anticipated, eq. (3.4b) shows that the effective spin-polarization of protons,
positrons and neutrons is proportional to the magnetic field. In addition, the alignment
of the momenta of virtual positrons and neutrinos with the spins reflects in the pseudo-
scalar products of spins and momenta in the integrand of eq. (3.4a). As in Wu’s experi-
ment [23, 42-44], that causes virtual positrons and neutrinos to be emitted and absorbed
with different probabilities in the directions parallel and antiparallel to Bg. In our case,
in virtue of total momentum conservation along Bg, that results in a net transfer of mo-
mentum to the actual proton. Passing the sums to continuum integrals and using the
nonrelativistic harmonic-oscillator model of Isgur & Karl for the internal eigenstates of the
nucleon [35-37], we arrive at
_ GEmy

K DB A
(Ker + Quiso ~ 500

4m 2m?2
[(1 +39%) = —(g94 — 1)+~ (1003 + 394 + 9)]630, (3.5a)

n n

_ Bog
~—15-10"15-5
<VP>BO mamy

, in natural units with h =c =1, (3.5b)

for the leptonic Casimir momentum and the proton velocity, respectively. It is of note that,
in analogy with the calculation of the Lamb-shift for the hydrogen atom, it is the inclusion
of retardation factors in the lepton fields, together with the internal wavefunction of the
nucleon, which renders the momentum integrals finite —cf. refs. [2, 10, 11] and appendix E.



3.2 Proton kinetic energy, magnetic energy, and electroweak work

In the first place, the kinetic energy of the proton, my(vy)g, /2 = (Pn)g,/2mp, is a
Doppler-shift correction to its EW self-energy. The proof of this statement involves a
number of technical issues which are detailed in appendix F. There, (W)p, is computed
integrating the variations of the EW self-energy, 6(WW)g, from B = 0 to B = By. It is
shown that 6(W)p contains a term

— (Pn)B - 0(Ker + Qu)B/my, (3.6)

which is readily identifiable with the energy associated to the differential Doppler-shift
experienced by the virtual leptons emitted and absorbed by the proton in motion along B.
The integration of eq. (3.6) leads straightaway to (P N>2B0 /2my.

Next, the question arises of what is the source of this energy. It is immediate to prove
that (see appendix F)

S(W)m SHEag + OH g + 5H§1ag>
B

B is part of < B

.. . . 5(P )2
and hence, so are the variations of the kinetic energy 2<m;\£5>13%3' Therefore we conclude

that, while the kinetic energy of the proton is a magnetic energy supplied by the source
of magnetic field, its kinetic momentum along B is provided by the virtual leptons which
perform an electroweak work upon the proton. The magnetic field does not perform any
work by itself. On physical grounds, the magnetic energy is spent in breaking the P and T
symmetries in the system, which in turn causes the asymmetry on the linear momentum
of the virtual leptons which propagate parallel and antiparallel to B.

4 Conclusions and discussion

We have shown that a single proton accelerates along an adiabatically increasing magnetic
field, B, as a result of its EW self-interaction. Reciprocally, the virtual leptons which
participate in the interaction acquire a Casimir momentum in the opposite direction. At
leading order, that momentum is proportional to the magnetic field and to the square of
Fermi’s constant [egs. (3.5a) and (3.5b)]. Regarding energetics, the proton kinetic energy is
a magnetic-induced Doppler-shift correction to its EW self-energy. It follows that, while the
kinetic momentum of the proton is transferred from the virtual leptons, its kinetic energy
is supplied by the source of the magnetic field. We interpret that the magnetic energy is
spent in breaking the P and T symmetries of the system along B. In turn, that causes
an asymmetry on the variation of the momentum of the virtual leptons which propagate
parallel and antiparallel to B. The net reaction force of those leptons on the proton does
the electroweak work which accelerates it.

On physical grounds, our findings in EW and those of ref. [21] in QED imply that,
generically, a magnetic particle accelerates linearly along a spatially uniform magnetic field
if its interaction with the quantum vacuum fluctuations is chiral. Reciprocally, the vacuum
fluctuations gain a Casimir momentum. Ultimately, since the interaction of any material

~10 -



particle with the EW vacuum fluctuations is chiral, it follows that, in the presence of a
magnetic field, the EW Casimir momentum is a generic phenomenon in nature.

Regarding the approach, some comments are in order. The results of egs. (3.5a)
and (3.5b) depend ultimately on the hadron model which determines the nucleon wave-
functions in eq. (3.4a) [35-39]. Thus, although our simplified harmonic oscillator model
is expected to yield the correct orders of magnitude on the estimates, corrections of order
unity are to be contemplated. Nonetheless, this makes the leptonic Casimir momentum a
suitable phenomenon to test hadron models at low energies [12, 13, 45-49]. For the values
of laboratory magnetic fields, our estimate for the proton speed results extremely small.
However, for the strong magnetic fields of magnetars, B ~ 10T [26, 27, 50], we obtain
vp ~ 10 nm/s.

Concerning the physical interpretation of our findings, the Casimir momentum is to
be attributed to virtual particles coupled to actual particles, and not to the quantum
vacuum itself. The latter interpretation seems to rest on the erroneous assumption that
the vacuum state and the state of the actual particles are disentangled —cf. ref. [22]. In
our case, the fact that the Casimir momentum is carried by virtual leptons, thus being
physically inaccessible, does not mean that the Casimir momentum is carried off by the
EW vacuum alone. Conversely, the fact that only the kinetic momentum of the actual
proton is physically accessible does not imply violation of momentum conservation. Hence,
it is the total momentum of the nucleon-EW-vacuum state considered as a whole which
remains null, in accordance with momentum conservation and global translation invariance
along B.

Finally, let us outline some perspectives for future work. It is plain from eqs. (3.4a)
and (3.4b) that the dependence of the Casimir momentum on B is due to the implicit
dependence of the particle spins on the magnetic field. Thus, eq. (3.4a) suggests that,
at leading order in W, the maximum value of the Casimir momentum is achieved for a
fully-polarized proton with (S,) ~ 1/2. We plan to apply the present formalism to the
calculation of the Casimir momentum and the acceleration of a proton as it gets spin-
polarized, either through spontaneous spin-relaxation [51, 52] or through nuclear magnetic
resonance [53, 54].
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A Spinor eigenstates of leptons and nucleons in a uniform magnetic field

In this appendix we compile the equations for the spinor eigenstates of the Hamiltonian
H + HS,, for electrons (a = e), protons (a = p) and neutrons (o = n) in the presence of
an external and uniform magnetic field, B = Bz, in the gauge A = —Bryx. We make use

of the results within refs. [26, 27, 31-34], as well as the textbooks of Peskin & Schroeder
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and Itzykson & Zube [28-30]. We employ the chiral representation, with the Dirac matrices

given by
| 0 I o | 0 g
Yo = 10 y VB = 0 —I y Vi = —0; 0

where I is the two-dimensional identity matrix and o; is the i* Pauli matrix. In this
representation, s writes v5 = +iv9y17273-

i

A.1 Electron and positron Landau levels

For electrons, the eigenstates of the Hamiltonian density operator, he —i—hfnag Yo[—ir? 0;—

eB ryy + mel], j = 1,2,3, correspond to the spinors of Landau levels with positive and
negative energies, E{, = \/m2 + k2 + 2NeB, where N is the principal quantum number,
N =0,1,2,3,..., and k, is the momentum component along B. Both electron and positron

eigenstates are degenerate with respect to the spin number, & = 41, except for the ground
state N' = 0 for which a unique solution exists with S = —1. Denoting & = veB(r, — f—g)
and £+ = VeB (ry ) the spinor eigenstates for electrons read

B Eﬁ/+me+kz T __ NeB T
Va1 B e I-1(6e)
B ES+me—k.
Egj—me I./\/'(fe) \/ﬁb\/(ge)
NHme .
Uk 4= , Uy = , for S=+1 respectively;
B eV (ART(5 ] RN EOVET P A (S
Vo mey NG Byt V16
NeB _ Bidmeths
L Ej\/—s-meIN(fe) ] L V2B ) ~(&e)
while those for positrons are
r ESAmetk. B T
\/\/Efeniﬂne N= 1(§e+) EXA//ich Ina (§e+)
B Ef+me—Fk.
B e I () o g (Ee)
V= Vi _= for S==+1 respectively;
Not Efr+me—k: Iy 1(5 +) ’ ' o NeB Iy l(f +) ’ ’
V2B Ame) T Eirtme ATEAE
B ESAme+k.
BTy (6er) | | A Ivies) |

such that (Ae _|_ile ) ikzrz—&—ikzszﬁ/’i — Ei/eikzrl—l_ikzrz Uﬁ/,:l:’ (ileD—i_}Alfnag)e_iRZTz_ikZTzV./f/',j:
= —Ef e tharam Z"“ZTZVG . The functions In(X) were defined in section 3.1 as Iy (X) =
(eB)'/*Hpr(X)e X2/2/7r1/4\/ 2N N1, where Hys is the Hermite polynomial of order A/. In
terms of the above eigenstates, the Dirac field of electrons reads, in Schrodinger’s repre-

sentation,
dk ok A e i(kgr r
‘lje(r / 2E€ [ /\/,S(kx, kz) UN,S e (kx z+kz z)
§= ilN 0
+ vaS(k"”’ k=) V/\cﬁs €_Z(k”x+kﬂz)]a (A1)
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e(t)

where ay/' s (kz, k) and be(T) 5(kz, k2) are the annihilation and creation (}) operators of elec-
trons and positrons, respectlvely, which satisfy the usual anticommutation relations,

{af s (kas k2), g0 (K KL)} = {07 s (ks K2), b g0 (K KL)}
= (2m)%6(ky — k)6 (ko — KL)Onardss:- (A-2)

Positron states appear as vacuum fluctuations in the calculations of the Letter. In terms
of positron creation operators acting on the leptonic vacuum, their expression is

N, S; ke, k) = /2E5, b slke, k) |0)B.
A.2 Low-lying proton Landau levels

As for protons, we will restrict ourselves to the low-lying positive energy eigenstates of
the Hamiltonian operator ﬁ% + ﬁfnag =7 [—ivfﬁj + eB ryy1 + mpl + ikppun Blys, 71]/4],
j = 1,2,3. These are, the positive energy spinors corresponding to the Landau levels
with kinetic momentum p, along B, |p,| < veB < m,, principal number N' = 0 and
spin numbers S = +1 and S = —1, with energies Ef ~ m,, + p?/2m, — k,eB/4m,, and
EP ~my, + p?/2m, + kpeB/4m, + eB/m,, respectively,

i 1 1 _i (ép)
0 eB —Io(§p)
~ i/ ER Io( : Up_:<1—>\/E” ;
0+ (&) -1 7 4m22, —iﬁ I (&p)
2my
- 0 - L Io(ﬁp)

for § = £1, respectively,
with & = VeB(ry + 25), such that (hf, + hhag) e'P=retpr)UD | = ER eiPeratpra) gl

)

Creation and annihilation proton (and antiproton) operators follow anticommutation rela-
tions analogous to those in eq. (A.2),
{ai/’s(pmpz), a%’,s/ (p‘{mpfz)} = {b?\fys(vapz% bﬁ/ﬁ; (p;mplz)}
= (2m)%(ps — 1)0(p= — PL)ON N Oss,
and the proton field reads
dp.dp :
‘ij(r / - Zp [ ?\/,S(pxapz) Uﬁ/,s ei(pratpars)
S= j:l/\/ 0’ (2m)2,\/2F N s
+ bN,S (px, pz> VN,S e_l(Psz-i-Pz?“z)] ,

where V/{'}’ s is the antiproton eigenstate and Eﬁﬂ s the proton energy of the Landau level
N with spin number S. Relevant to our calculations are only the expressions for Ugi , and
U(]i _ given above. In terms of proton creation operators acting on the hadronic vacuum,
|Q2)B, the two minimum energy Landau levels in the state of an unpolarized proton with
transverse momentum p read

|0717p>% = \/2E§-agfl(px7pz)‘ﬂh>B7 ’07_17p>1])3 2'EipaO —1(p$7pz)’Qh>B
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A.3 Nonrelativistic neutron states and massless neutrino states

Neutrons in the presence of a magnetic field B experience Zeeman splitting as a result
of their anomalous magnetic moment. The eigenvalues of h” + hmag Y0 [—iyj 0; +
mpl + iknunB[y2, 71] /4] i = 1,2,3, for nonrelativistic neutrons of kinetic momen-
tum p < my,, and eB < m2, depend on the quantum spin number, S = +1, as
E% ~m, +p?/2my, +S|kn|unB/ 2. In the nonrelativistic limit, at leading order in eB/m2,
the neutron eigenstates are

Un — \/ﬁ(l +p./2my, — Sp2|gn|MNB/4m%)(px + ipy)
s s (S + 1)mn + Pz + 2.py

[ (S+1)mn+S|petipy|*/2mn |
Pz +1Py
S —pz/mn)
| 00— S
L 1 .
- 0 -
. /m2
+ @(1 +§Z/2mn)(pa: + Zpy)‘gn|ﬂNB P/ . for S = +1,
T
L O .

such that (h% + h’nﬂag) ePTUL = E%eTU%. The neutron field ¥, (r) reads

d3 1 n n ip-r nt n _—ipT
Z/ [3( ) UpsePr +b5'(p) Vpse ™ ]7

S=+1 V2E

where Vs 18 the antineutron eigenstate of spin & and momentum p, and the cre-
ation/annihilation operators satisfy the usual anticommutation relations,

{aZ(p), dsl ()} = {0&(p), Ve (P)} = (21)36®) (p — D)dss".

In terms of neutron creation operators acting on the hadronic vacuum, |Q,)g, nonrelativis-
tic neutron states read |p; S)g = 1/2E% ”T( )|%)B
Lastly, the eigenstates of neutrinos, which are ordinary free massless spinors, are

qzx +’iQy

U =/(EB;+q.)/2 | VEate: || for S=41, E, =q.
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The neutrino field ¥, (r) reads

d3 1 v v iq-r vt v —iq-r
2/ b ) Ugs 9 4 (@) Vs e,

S==£1

where V¥ s 18 the antineutrino eigenstate of spin & and momentum q, and the cre-
ation/ ann1h1lat1on operators satisfy the anticommutation relations,

{a%(a), agh(a)} = {bs(a), bsl (@)} = (2m)%6P) (a — d')dss

In terms of neutrino creation operators acting on the leptonic vacuum, [€;)g, neutrino

states read |q; S)5 = /2Eq CLS( )|u)B

B Spin expectation values and lepton kinetic momentum operators

We use the expressions for the spinor eigenstates of the electroweak particles to compute the
spin expectation values which appear in eq. (3.4b) as well as the lepton kinetic operators,

K.+ and Q,.
B.1 Spin expectation values

Using the equations for the spinor eigenstates in appendix A, we write down the expressions
for the expectation values of the spin operators given in eq. (3.4b),

i € e e A e e eB
(0s2) = 7@VA/T,+SZ+VN,+ + 2EN s VA1 SE Vi = 3EL)? In (&) v (Eet ),
(98,) = 52 UYl, S U 3152 U5 = EXE (&) 10(6) + M(&) (&),
2Ep z ()7+ 2Ep 0 ¥4 0 D 1 ¥4 1 D
z nf an rrn z nfon rm _ |’€n|/’LNB
(050) = g UN'SE UL + Utz = RS,

where S§+, S? and ST are the components of the spin operators along B, for positrons,
protons and neutrons, respectively.
B.2 Kinetic momentum operators of leptons

In this subsection we write down the expressions of the kinetic momentum operators of
positrons and neutrinos, K.+ and Q,, in terms of their creation and annihilation operators.

As for the neutrino momentum, it is,

QV = /dgT \I/:L(I')(—iV)\I/y(r)’neutrinos —/ 3q Z VT (Bl)

S==+1
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As for the kinetic momentum of positrons in a magnetic field B, we make use of the
formulas developed in appendix A.1 in the gauge A = —BryX.

_ . [ dkydk. ot e
K.+ —/di’»« Tl (1) (—iV + eA) W (r)|positrons = z/wkz SN b sthvs
S=+1N=0

+/ mkél [2\/ ESES (B +me) (B + me)J ‘1{&32(\/\[;1) Fr(eB)

™

e . e o eBN
X |:(X + Zy)b(/T\/'7+)b(/\/—1,+) + (X — Zy)b(j\/_17+)b(N7+)} + 27\/5[?_/\/’(63) — 4€B]

e

x| G Il Wiy + = Dy Wiy | R B+ i Bovor
e ] ) (B.2)

where Fr(eB) = (ESs+me+k.) (ES_y+metk:)+(ES+me—k. ) (ES,_ +me—k.)+4NeB,
and the dependence of the creation and annihilation positron operators on k, and k, has
been omitted for brevity.

C Dynamical observables in the adiabatic limit

The fact that the external magnetic field B which enters eq. (2.2) increases adiabatically
in time, makes it possible to apply the adiabatic theorem to the computation of the ex-
pectation value of any operator which evolves adiabatically with B. Let us consider that
B(7) increases slowly in time from 0 at 7 = 0 to By at some later time to > 0. The
expression for the expectation value of any given Schrodinger operator O of the system at
time t > 0 reads,

(0(1)) = (2(0)|U*(t) O U(1)|8(0)), (C.1)

where |®(0)) is the state of the system at 7 = 0 and U(t) = T exp[—i f(fH dr] is the
time-propagator in Schrodinger’s representation. In our perturbative approach, we will
expand U(t) in powers of W. In order to set this explicitly, we rather write

U(t) = Up(t) T exp {—i /O “ar Ul ()W Uo(7) |, (C.2)

where Ug(t) = exp [—¢ fg Hjy dr]. On the other hand, the adiabatic theorem implies that,
if the state of the system starts in an eigenstate of H at 7 = 0, B(0) = 0, it will evolve
towards the corresponding eigenstate of the Hamiltonian H at any latter time ¢ at which
B(t) # 0 can be considered quasi-stationary. As we did in the main text of the article, we
will replace the time-dependence of states and operators on ¢ with their dependence on B.
In particular, |®(0)) = |®)o = [U)o ® [¢,) @ [|0,1;0) + |0, —1; 0>]g/2Lm113/2 is the initial
state of the system, where we use the nomenclature of section 2.1 to denote the state of an
unpolarized proton at rest and the leptonic vacuum, at zero magnetic field, with L — oo

being a normalization length. The adiabatic theorem implies that, at a later time ¢, the
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components of this state will evolve towards their corresponding eigenstates of H(B) with
a quasi-stationary magnetic field B. Using the nomenclature in section 2.1,

@) = U(B)[®)o ~ [)B @ |¢hy) @ |

0,1; (Pn))+]0, —1; (Pn))]| g /2L\/ES.  (C.3)

Note that, in order to keep the computation of (O(t)) at lowest order in W, |®)g has
been approximated to Uy(B)|®)g but for the shift (Py)p in the linear momentum that
the nucleon (N) acquires as a result of the action of W in eq. (C.2). This way, in our
approximation, |®)p remains being an eigenstate of Hy(B).
Next, the expectation value (O(tg)) = (O)B, can be computed out of the integration
of the variations 6(O)p with respect to the adiabatic variations of the magnetic field, /B,
from B = 0 to By. In order to compute those variations it is convenient to define a new
time-evolution operator which takes account of the adiabatic evolution of the system upon
which the operator O applies. At leading order in W we define
t
Un(t) = U4 (1) — 2/ dr OO ( — 7YWDY (7)™, 1 — 0%, (C.4)
—0o0
where TDOB (1) = e~ o(B)7 for B stationary. Using this definition we can write the adiabatic
variation 6(O) with respect to an adiabatic variation B, at certain value of the magnetic
field B, as

310} = o(l 5 (VIBITL(1) O Tl 0B o)

+ o(@|UtB)TL (1) 0 (Si;(@B(t)U(B))@m] 5B. (©5)

Therefore, in the adiabatic limit, at time tg, eq. (C.1) reads

Bo
(O(to)) = A 5(0)B- (C.6)
It is worth noting that the formalism presented here is a generalisation of the so-called
Hellmann-Feynman-Pauli theorem which applies to the case that O = Hy(B). That is, to
the computation of the energy of a system whose Hamiltonian depends on an adiabatic
parameter [55].

We finalize this section with some comments which are particularly relevant to our
calculations. In the first place, we note that since |®)p is a stationary state throughout
the adiabatic variation of B, egs. (C.4) and (C.5) imply that §(O)g can be computed
using stationary perturbation theory upon the time-independent Hamiltonian Hy(B) +
W. Further, provided that the operator O is independent of the adiabatic parameter B,
(O(tp)) can be computed using stationary perturbation theory upon the time-independent
Hamiltonian Hy(Bo) + W. That is, if 60/0B = 0, it holds that, for t > to,

(O(t)) = B, (®| U, (t) O Ug,(t) [®)B,, 2 to. (C.7)

~

In fact, from eq. (C.4) it is plain that (O(t)) in eq. (C.7) does not depend explicitly on t.
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D Quadratic fluctuations of leptonic and hadronic currents

The hadronic and leptonic currents flanking the energy denominator of the inte-
grands in eq. (3.3) give rise to quadratic vacuum fluctuations for the case of lep-
tons, and quadratic hadron fluctuations upon the single proton state |¢L.), =
HO, 1; 0>+\O, -1 0>]%0/2L\/E§. We write the equations of these fluctuations as integrals
over the momenta of the virtual particles.

D.1 Leptonic vacuum fluctuations

The equation for the leptonic current fluctuations in the leptonic vacuum state, |Q;)B,, is

By <Ql|J/l¢ (r)‘]é]L (I‘/) |Ql>Bo =

d3q dk‘ldk?, ei(r—r/)~(q+k/)e-i(m—ré)kz
/ (27r)3 (27)? 2E,2E5,

" Z >° { Vi - bl = 35U OF [ 1= )]V |

=0s,r==%1

&Bq dkdk, .. N ilre ot
:/ (27r)q3q (2)? el anemierh {16, 0)

X IO(£;+)(1 + k3/E8) |:q(25#0500 — Gup — 5,u06p3 - 6#35/)0 + Z‘EO,upB) + qi(5u05m + 5;”'5;)0

+ i€0pupi — 0pui®p3 — 0u30pi — Gupdiz — ifupw)] + To(€et ) o (Eer ) (1 — K3/ ET) | q(20,00,50 — Gpp

+ 5;1,06;)3 + 6;},36;70 - Z.GO/,LpB) + qi((sp,ofspi + 6;u'6p0 + ie()p,pi + 6ui6p3 + 6;},35;71' + gup6i3 + Z.E;J,pi3>i|

+ Z IN(S@"’)IN(£;+)[]€3€BO/(E,K[)3] [q(26u06p0 — Gup + 6u0§p3 + 5#36p0 - iEOMpB) + qi (5;4,06;)7,'
N=1

+ 0300 + t€0upi + 04i0p3 + 0,30 pi + Gupbiz + ieﬂpis)} + 20N (Eer ) In (EL+) [(](25#05,;0 — Gup)

— (k3a/EN)(806p3 + 63050 — ieOupfi) + qi(‘s 00pi + 0pip0 + i€0pupi) — (kqu/Efe\f)(‘smépii

Z \/m In (6o ) -1 (64) + Inr (60 ) In(€L]

>, V2NeB,

X [‘1(%15;}0 + 6M06pl + Z'€1Hp0) + qi(é,dém + (Sm(sp1 + gupcsﬂ + Z'elupo)} + 1 Eﬁ/
N

+ 6u35pi + gup(si?) + Z.6;1/113 :|

=1

X In (e ) IN—1(E0+ ) — In—1(Eer ) In (€] [Q(5;L25p0 + 60002 + i€2,p0) + q' (0426 pi + 6102

+ Gupdiz + ie?upo)} }v (D.1)

where greek indices take the values 0, 1,2, 3, whereas latin indices take 1,2,3. The index 0
corresponds to the time component, while 1,2, 3 refer to the spatial cartesian components
x,y, z, respectively. In eq. (D.1) the factors proportional to eBy/ (Eﬁ/)2 result from the
approximation ES./E5, , ~ 1—eBy/(E%)?. It is only the terms proportional to (1+ks3/Ef)
in the second and third rows that correspond to fluctuations of positrons in the lowest
Landau level.
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D.2 Hadronic current fluctuations

As for the hadronic current fluctuations which enter eq. (3.3), the external proton state
is the stationary state |¢L,.)B,, and the current fluctuations read, up to terms of order
eBo/m2,

By < ext“]h( )JST( )|¢ext>Bo

d D e"(rfr )P _ e
= / @n) Z mTr{Ué”s[%(]l = 90U [, (L= 9a75)|Ug . }
s, r=%1 T 8
d3p ez(r r')-p
= / 2n) ﬁ{‘lfo(rz)fo(?“é) [5#05;;0 + 948,000 — Gup)
i . eB
+ 251 [(1+ %) (8400 + 6i6p0) — 29A“0m'p}] - 2m0 [Lo(r2)1o(r3) + I1(r2) 11 (75)]
n p

. p' .
X [(1 - gi)gup - 29A(5u36p0 + 5u05p3) +(1+ 9124)1601w3 + mi[(l + g%)leup’iS - 29A(6u35pi

(11 (r2) 11 (rh) — To(r2)Io(ry)] [(1 + 92)(26,0000 — Gup + %(%o%

vV €BO
V2m,

— 2.9142602#/3 + mi[(l + gi)(éugépi + (5,”‘(5,,2 + 6i2gup) + 29A7/5i2up}] + 4i—

n

eB
+ 0,i0p3 + 51‘39#9”} + ﬁ
p

+ 8,100)] = (1+ g Yieosus| = Y= Lo(r) 1 (15) + Li(r2) Lo (1) (1 + 93) (D200 + 8y00,2)

Vel

Vam, [lo(r2) 11 (1)

n B
R = ) Guodys — Suadin) + LN L) 1) [(1 -+ 0422880 — Buob
p
= 613000) — 294(1 + 9a)(gpup + i€03up) + pig[(l — 92)9up + (1 + 392 i€, + 49.4(20,06,0

2m,

+ 5u06p3 + 6;L35p0 - gup)] + pil[(g?q - 1)(6;@6;)0 - 6u06p2 - ieOlup) + (1 + gA)Q((Sp,Oépl

2my,
+ 0u10p0 + G€011p)] + %[(9,24 — 1)(8,1600 — 0,00p1 — i€02p) + (14 94)* (340002 + 62050
+ iéogup)]} } (D.2)

E Kinetic energy terms in €xr,, and form factors

In this appendix we derive the kinetic terms which enter the factor £xr ,,, in the denominator
of the integrand of eq. (3.4a), as well as the form factors (gf)mt|¢ﬂ}t> which appear in that
equation.

E.1 Kinetic energy terms in Ex

We follow an approach analogous to that in chapter 3 of ref. [2], P.W. Milonni, and refer-
ences therein, which is applied there to the computation of the Lamb-shift. Let us consider
the integrand of eq. (3.3), and let us evaluate the energy denominator there for certain
intermediate state of positrons, neutrinos and neutrons |Ie,,)B, = |N,Se+; ks, kz)eBo ®

’q78 > ® ’¢1nt> ® |p7 S>%07

B0<Ieun|[ 1nt+HD+HD+HD Eg]|IE,V7n> < 1nt|H1]r\1ft’¢1nt>+E§+E/i/’+Eq_Egﬂ (El)
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where the expressions for (¢! |HL, |¢™,), EY%, Ef;, Eq and Ef are given in section 2. Let us

substitute the expression in eq. (E.1) into the integrand of eq. (3.4a), including the spatial
2, -

wavefunction of the N** positron Landau level, e S+/2H N (&e+), and the integrals over the

coordinates x, z, p, and p, of the nucleon center of mass,

dzdzdp,dp. it (p+k+q) —ikyfy ,—€21 /2 3 !
_— € + H
/ (27r)2 < 1nt’ N(§e+)EKf+Eq +Eg( ) Ep+H1nt(pp;p>\)
1 oy 2
X |0h)2 - (k+ a) (o] (Pt ik C
int "B + By + E3(p) — B + Hiy (i Pa)
X Hj\/’( e+)‘¢1nt> (E2)

where §~e+ = @Fy + k,/VeB, and we have rewritten the coordinate of the active quark
in terms of the nucleon center of mass R and the Jacobi coordinate ry, ¥ = R + (2/3)r},
and the internal nucleon Hamiltonian of eq. (2.4) as an explicit function of p, and pj.
The retardation exponential factors flanking the denominator come from the hadronic
and leptonic currents on either side of the integrand in eq. (3.3). Bearing in mind that
the relevant contribution of positrons to eq. (3.4a) comes from relativistic positrons, the
following approximation can be used for Landau levels with N > 1,

e PN (En) o €S2 H(€,4) cos (2rV2NeB /3).

Substituting the above expression into eq. (E.2), we arrive at

/daz:dzdp:,;dpz<
(271')2 int €

x cos (2r{V2NeB/3)

(TR (P a) ik By i(2/3) e Octa) —kyrd) =24 /2 (e )
1
Eﬁ/ + Eq + E§(P) - Eg + Hljr\{t(pp§ pA)

1 Iy
—£2/2 / Y

X e et/ “Hpr(€4) cos (21” V2NeB/3>
E$ + Eq + E%(p) — E§ + HY. (py; Pr) et A

% o~ R (ptk+a)tiky Ry ,—i(2/3)[rx(k+a)—kyr}] 69.). (E.3)

’¢:ﬁt>i (k + q)<¢1nt

The integration in z and z yields the deltas of momentum conservation (27)25(py + ks +
4z)0(p2 + k. + q»). Further, integration in momentum coordinates leads to the following
effective replacement in the denominator of eq. (E.3),

Eg(pm;pyvpz) — Eg(_kx — 4z, Dy, —k, — QZ)- (E4)

Next, we apply the canonical commutation relations, [ri,p{\] = 1d;;, to move the rg—
dependent exponentials to the middle of eq. (E.3). Making use of the relationship

() t‘61(2/3)[I‘A’(k+Q)+T§(:t\/Wr§—ky)] 1 o)
) B+ By + B — Ep + Hy(pyipa) "
1
T B+ By + BY— B+ (00 HY [y pa — 2k + q + Y (EVZNeBr{ — ky)]/3][67,)
x <¢ir1rlzt‘ei(2/3)[r,\~(k+q)+7“§(:|:mr)\ ky)] 169.), (E£5)
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and the replacement in eq. (E.4), the energy denominators of eq. (E.3) read, for a nonrel-
ativistic neutron,

E?f(_xfﬂ _qrvpzn_kz _qz) < 1nt| mt[ppvp)\ [k_‘_q""_fi(:l:v 2./\/’637“?\ )]/3”¢1nt>

k +v2NeB — k,)y|?
VB + E,— EY _<¢mt[| +at( B k)Y Py (AN - k)
2my my
2
e ) Vil 65) + ESy + By = (Sga + Dian B + (mo = my) + 5 (E.6)
n

where we have replaced HY, with its expression in eq. (2.4). Further, we observe in
q. (3.4a) that all the nonvanishing integrals in y and ' yield factors of the form

/OO Tox () Iy (Eer e Prta) dy o e~ Wt (py+ay)?)/2eB
—00

which suppress exponentially the remaining integrands on &, p, and gy, for |k,| > veB and
Ipy + qy| > VeB. In particular, for eB < m3, m2, this implies that the terms proportional
to kz/mgq are negligible and that we can replace pz /2my, — qg /2m,, at the same order of
approximation in eq. (E.6). In addition, the terms py - [k + q + (£V2NeB — ky)y]/mq
are Doppler shift terms which are negligible in the nonrelativistic limit, and so are the
spin-dependent magnetic terms. As a result, the energy denominators of eq. (E.5) can be
approximated by

Sfﬂm ~ B+ Eytmy,—my+ (k24> +2NeB) /2mg+q.k. /mag+mwtq,V2NeB/mg4. (E.7)
As a function of Eﬁvm, eq. (E.5) can be written as

(2/3)[rA- (k—&-q)—i—r/\(m ky ’¢m> < lnt’€

g./\/',m g/\/,m

i(py+ay)(y—y') .5
X e_£§+/2HN(§e+)e S 1 k+q) &

[<¢m |€—z(2/3 [rx-(k+q)+r (V2N eB—ky ]‘qu > <¢m ’6_2 (2/3)[rx-(k+aq)+7r8 (—V2NeB—ky ]‘¢0 >]

< 1111;’e

(2/3)[r-(ke+a) 4 (—V2NeB— kynwm)]

e AP HN(EL) (E.8)

+
gN m g/\/ m
In this equation we identify the form factors between the wavefunctions of the internal

nucleon states 0 and m,

<¢?nt yeii(2/3)[r>\-(k+q)+7“§ (£V2NeB—ky)] ‘d):gt% (E9)

which have been denoted by (qﬁmt]qﬁmt> in eq. (3.4a) of section 3.1. Finally, approximating
SMm ~ Exm = ENm = By + Eg +my — my + (k2 4+ ¢®> + 2NeB)/2mg + q.k./mgq + mw,
eq. (E.5) reads

2k, +q.

ety tay) (y—y') *(£e++£e+)/ Hr(€o+ ) Hpr(€11) T’ (E.10)

(B0l

as it appears in eq. (3.4a).
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E.2 Form factors (¢? ¢,

Regarding the form factors of the internal states and the contributions of these states to
the energy denominator Ea,, we first note that the ry-dependent and r,-dependent parts
of the Hamiltonian Hlnt in eq. (2.4) are isotropic harmonic oscillators of frequency w and
effective masses 2mg/3 and mgy/2, respectively. As for the sum over internal nucleon states
in eq. (3.4a), the states |¢,) are composed of the tensor product of the ground state of
the oscillator in r,, and all the states of the oscillator in ry. As for the wavefunction of the
non-degenerate ground state, it reads

ﬁ‘g _32(s2 /3402
g@lnt(I')\,I‘p) <I'>\,I‘p|(;5mt> 33/47[_3/2@ B2 (r3/3+ ;)/4)7 B = \/wmy, (E.11)

while the excited eigenstates with energy mw, m € N, are degenerate with degree of
degeneracy g, = (m + 1)(m + 2)/2 and wavefunctions

My, My, Mz

0
SO’ (r)nr
Pint (ra,1p) = nt b Hp, (v/2/36r5)H my ( FBTA m-(\/2/3B73%),
V2" mg!myIm. !

m = mg +my +m;. (E.12)

Inserting the above expression in eq. (E.9) for the form factors, and squaring, we end
up with
(3/4)™ 2 2
|< 1nt’¢1nt>| = ﬁ(ﬁx/ﬁ)%nz (Ny/ﬁ)me( //B)zmz K +Kyi+ﬁ )+/4ﬁ (Elg)

2!mylm
where kg = 2(ky +2)/3, k2 = 2(k; + ¢2)/3, ky+ = 2(qy £ V2N eB)/3. On the other hand,
the energy of the excited sates mw becomes rapidly relativistic, since w ~ mg. Therefore,
in an effective manner, the combination |(¢? [¢,)| /Efvm in the integrand of eq. (3.4a)
scales rapidly as
2 _ (3/4)m 2my 2m 2m. (k2+k2 +r2 )+/452

|< 1nt|¢1nt>| /SN,m ~ mm!my!mz!mgwg (F&x/ﬁ) (“y/ﬂ) y( /5) vE

(E.14)
In the first place, we note from egs. (E.13) and (E.14) that the combination
]( mt|¢mt>| / sz\/m suppresses exponentially the integrand of the momentum integrals in

q. (3.4a) for all m. It provides this way an effective cutoff at ¢, k, vV2NeB ~  ~ my,
which makes the integrals convergent. Second, the form factor of the excited state m pro-

vides a factor which scales as ~ (k?+¢*+2NeB)™/m2™, which is a relativistic correction V
m > 1 that lies beyond the non-relativistic approximation assumed for the internal hadron
dynamics. Therefore, the contribution of all the excited states must be discarded by con-
sistency. Nonetheless, one must bear in mind that their contribution would be just one
order higher than the leading order nonrelativistic terms included in eq. (3.5a). With this
proviso, we are just left with the contribution of the internal nucleon ground state whose
form factor reads

(60 |/l (et +ri (EVENEB—ky)] g0y _ / &, / By /D (kta)+rY (V2N B~k )]

6
B B2(2r3/3402/2) _ (ko ar)?+ (ke +q:) g2+ 2NeB] /682 ¥4, 2N eB /352 (E.15)

(V3
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Substituting this formula into eq. (E.8) we end up with
(1/2)e!Puta)y=y)¢ —(E2,+(EN2)/2 HN(§e+>HN(€é+)e—[(km+qz)2+(k2+qz)2+q§+2NeB]/3ﬁ2
e—2ayV2NeB/35° 1
EE T Eiey

where it is assumed that 2N eB takes both positive and negative values.

x (k+q)

F Magnetic nature of the proton kinetic energy

In this appendix we demonstrate in detail the assertions made in section 3.2 regarding
the magnetic nature of the proton kinetic energy as well as its origin as a Doppler-shift
correction to the EW self-interaction.
Let us consider first the variation of the total energy of the proton with respect to
variations of the magnetic field strength, 0 B, at certain value of the field B,
(0H/éB)g = (0[Hy + W]/6B)g = (§[HP ., + H}}

mag mag

+ Hy

mag

|/6B)B

where the total Hamiltonian is evaluated in the state of the system at a certain value of
the field B, which is denoted by )g. Taking into account that B is an adiabatic parameter,
0B can be factored out of the expectation values of the above equation,

(0H/6B)B = (6|HE,, + Htoy + Hop /0B)B = 6 <Z HE+W + 5T> /6B. (F.1)
a B
Next, we will show that the variation of the kinetic energy of the proton is indeed part of
the variation of the magnetic energy, since it is one of the terms within 6(W)g/0B. That
is, we will prove that

§(Pn)B
2m,0 B

§ (Hhag+H e +HE,
is part of §(W)p/dB, which is part of <5H/6B>B:< ( 48 & g)> 7

0B
B
5(Pn)B

from which it holds that W

is part of (0 (HRug + Hivag + Hinag) /5B>B . (F.2)
Here (Py)p is the momentum of the proton at magnetic field B, computed according
to eq. (3.3), which is linear in B. Let us start with the expression for (IW)g: at a quasi-
stationary field B(¢') = B’ = B+ B whose diagrammatic representation is that of figure 2,

at O(W?),
(W)pr = p{®|UL, (') W U (t')|®) 5/

G? ~ ~ 5 - =
—zFRe/ ngng’B’<¢‘J5<R’r>Ji<r>WJﬁ< )70 R ) D), (F3)

where |®)p = |Q)B ®|¢0,,)®[|0,1; (Pn)B)+|0, —1; (PN)B) | /2L\/EY is the normalized
state of the system in a magnetic field B/, with momentum (P y)g along B, and E}} incorpo-

rates its kinetic energy |(Pn)B|?/2m,. Denoting by R the center of mass vector of the pro-
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Figure 2. Diagrammatic representation of (W)pg: for a quasi-stationary magnetic field B’, accord-
ing to eq. (F.3). The calculation is performed in the adiabatic limit, where the initial time is taken
to —oo according to eq. (C.4), and the operator W, represented with a blue circle, applies at the
observation time ¢'.

ton, we can write instead, |®)g = |Q))p/ ®|¢Y,, ) e PN)B: RT1l0,1;0)+]0, 1;0)]%,/2L\/Eig.
Note also that B" and B differ by 6B. This will allow us to identify 6(W)g from the re-
lationship (W)pr = (W) + 6(W)B. In appendix E we computed the energy factor Enr
starting with the expression in eq. (E.3). In the present case, that equation must incorpo-
rate the factor e “PN)BR of 5 (| on the left, and eP¥)BR' on the right of the integrand,

/d$dzdpxdpz e iR-(p+kta—(Pn)B)—iky Ry ,i(2/3)[rx-(kta)—kyr}] ,—€2, /2 Hy(€.+)

(271‘)2 < int |€

1
x cos (2r¥vV2NeB/3)|omm o le” €402 Hy (€l
X COS (27,3 /2NeB/3)e—iRl‘(p+k+q+<PN>B)+ik‘yR;e—’i(2/3)[r>\‘(k+q)_ky7’g] |¢?nt> (F4)

In contrast to eq. (E.3), the integration in z of eq. (F.4) yields now 27d(p,+q.+k.—(Pn)B),
from which the energy factor of eq. (E.7) picks up an additional term,

+ +
The additional term is the energy associated to the Doppler shift of the virtual positrons

and neutrinos which interact with the proton in motion. Following steps analogous to those
in appendix E, eq. (F.4) can be written as

eiputan) =y e~ HEZO2 e VHpr(€)
Enm — (k+q) - (PNn)B/mMp

(3018 | )

Finally, expanding the above equation up to leading order in (k + q) - (Pn)B/mpENm,
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eq. (F.5) is approximately equal to

<¢1nt|¢mt>‘ [8 1 + (k+Q) <PN>B/mp

e Py tay)(y=y') o~ (€2 HEN24)/2 Hpr(Eev ) Hp (€ e+) N &2
,m Nm

(F.6)

The first term does not depend on the proton momentum, whereas the second term is ex-
actly eq. (E.10) found in appendix E for the Casimir momentum times (P y)g/m,. Putting
all these results together, eq. (F.3) yields, up to terms of order (k + q) - (Pn)B/mpEnm
in the integrand,

G2 1 5
(W)p :_;Re/d3Rd3R’ B,<q>\J,g‘(R,r)JL(r)WJ5T( ) JIN(R,F) D)

GFRe/d?’Rd?’R/ B/<(I)|J}’;(R, f)JfL(f') (Ke +[%1;)_ fj;l]\ﬁ /mpJpT( )JPT( / ~/)"1)>B’7

(F.7)

where [®)p = |Q)p @ |¢0,) @ [ 0, -1, 0>]Z];//2L\/E7’g is here the state of the
system in a magnetic field B’, where the proton presents zero momentum along B. The
first term of eq. (F.7) is the leading order EW self-energy of a proton in the presence
of a constant and uniform magnetic field B’, while the second term is the leading order
Doppler-shift correction. By direct comparison with eq. (3.3), the second term is readily
identifiable with —(K.+ + Q,)p’ - (Pn)B/m,. As argued in section 3.1, conservation of
total momentum along B’ implies —(K.+ + Q,)p’ = (Pn)p/. Lastly, since B' = B + ¢B,
we can write the nucleon momentum at B’ as (Py)p' = (Pn)B + (P n)B, from which we
obtain that

(Pn)p - (PNn)B _ (PN)g n dPnN)B - (PN)B

is part of (W)pr = (W) + (W)B. (F.8)

Identifying §(Pn)B - (Pn)B/myp as part of 6(W)p in eq. (F.8), we conclude the proof of
the relationship (F.2) and confirm the assertions in section 3.2.

G Some integrals and sums of infinite series

The integrals in eq. (3.4a) involve a number of technical issues. Here we summarize the
most relevant ones.

As for the integrals involving In functions, the following identities hold.

0 dpydk,
[ auty [ R e L) ) e () (€)= B2

—0o0

e , [ dpydky o , ,
vy [ S ek VAN B ) ol (6 ) T )

+ IN(E ) Iv_1 (&) = Ne*B? /.

Regarding the sums over infinite series, considering that eB <« mfl and that the range
of k, for which the integrands yield relevant contributions to the momentum integrals is
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such that |k.| < mq, we perform the passage to the continuum by means of the following
substitutions,

o [e'S)

EnpdE

Eva = 2NeB, Z f(EnxB) — / %JC(ENB), for any function f of Enp.
N=0 0

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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